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Abstract

Oman, Dareen AS. Charactenzmg the Best Ranked Set Samplmg Scheme vla the

Flsher Informat:on Master of Sclence Thesrs, Department of Statlstlcs, Yarmouk
x Umversnty, 2009 (Supervnsor. Dr. Moh'd Alodat)
” In ranked set samphng w1th set size equal to m, there are mm dlfferent possﬂJle Y

N samplmg schemes If we assume that the famrly of parametrre probablhty drstrlbutrons _

satlsfy some sultahle regularlty condltlons, then at least one of these samplmg scheme

should maximize the amount of Flsher mformahon colleeted about the parameter of
o 1nterest The arm of thrs thesis is to charactenze the best samplmg scheme via the

- F1sher 1nformatlon numbers for several parametrle fam111es

Moreover We use these best samphng sehemes to obtam unb1ased estimators for the

parameters of mterest Also we compare them to therr eounter parts under the

N McIntyre S ranked set samphng seheme In ease of no unblased estlmators, under best

| samphng seheme, we obtam the MLE's for the parameters of mterest We show that the

asymptotle relative efﬁmencres of the MLE S under best samphng scheme wrth respect

fo thelr MeIntyre S eounterparts is greater than or equal to one.

X
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Chapter One.
Introduction -
1. l Introductlon :

The idea of Ranked Set Samplmg ( RSS ) was first mtroduced by McIntyre (1952) He was

aiming to increase the efﬁcrency of the sarnple mean as an estlmator for the populatron .

- mean. The RSS is W1de1y used in S1tuat1on where the member of a Sxmple Random Sample .-
. '..(SRS) can be convemently ordered by a v1sual 1nspectron or by other erude methods and |
' where the exact quantlﬁcatlon of the sample is expenswe in time or effort To descrrbe the_ _'
| procedure of selectmg a RSS we con31der the followmg-notatmn. Let Xi, Xm denote a
-random sample of size m from a dlstrlbutlon funetron F(x) We use X1 e v Xmm to.
denote the order statrstlcs of Xy, oo +Xm An unbrased estnnator for ,u is X SRS» the. sample |
- mean of Xl, Instead of takmg a smgle SRS, McIntyre proposed takmg m .:3'.:
| mdependent random samples each of size m but maklng only one. measurement from each -
| _. sample He spe01ﬁcally assumed that once a sample has been seleeted 1t is possrble to rank |
_ 1ts units to measure Xy, the smallest unit m the ﬁrst sample, Xz an the Z“dsmallest umt'
:' from the second sample and ﬁnally X the largest umt from the mth sample ThlS_
_ procedure could be repeated k_tlrnes (cycles) to obtaln more obs:ervatlons. Then X RSS» _the.__:

- mean of the measured units, .., Xpss = E_Z}?}__l Xj.m is used to estimate .

Takahas1 and Waklmoto (1968) showed that XRSS is the mmlmum variance unblased

es_t'imator'for p with variance Var(X RsS)- —' Z‘, j=1 aj i where r:rJ ' = Var(X} m) In RSS'_--
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~ a set of m2 samplmg units is seleeted but only m. of them aré chosen for actual

quantnﬁcatlon Hence the quant1ﬁed measurements are mdependent but not 1dent1cally

d1str1buted The 1dea of Mclntyre was modlﬁed by several authors to produce d1fferent

'- samplmg schemes whlch are ea31er to the experlmcntcr to do the v1sual rankmg see .

._-"-”(Muttlak 1998; Al-odat and Al-Saleh 2001; Samawi et al, 1996 ; Al-Saleh and AL-Omar,

o 2002).

| Muttlak (1 997) proposed the use of Median Ranked Set Samplmg (MRSS) Accordmg to
| his proposal only the medlan, Mi, of each random sample in the RSS scheme is measured | _

The mean of the medlans, Mi, ( i= 1, 2,..., n), is a natural estlmator of the populat1on '

locatlon parameter based on MRSS

) BatabeSI and El Shaaraw1 (2001) obtamed the best ranked set samplmg scheme under the g

followmg two d1str1but10ns '

a) Unlform dlStI‘lbutlon

" For the umform (0 8) dlstrlbuuon, they found that the varlance of the sample mean'
'obtamed via quantlfymg only the ]th order stat13t1c dccreases as ] mcreases w1th the-j'

| minimum at j—~n Hence the optlmal select1on is the largest order statlstxc R

) Exponentxal dlStrlbutIOI’l

- Under the standard exponennal dlstnbutlon they found the efﬁc1ency of SRS RSS and " -

mod1ﬁed RSS based on only the smallest un1t the second smallest umt up to the largest

www.manaraa.com
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' f (x: 9) For any prlor dlStI‘lbI]thll P and a sample size n, there ex1sts a collectlon of ranks

Uﬂl[ d@l]OtG(l by RI,RQ’m’R”’ for samples of size 110 6. They found that the choice of R, for

- each sample has the same efﬁcleney as SRS but startmg with n—z 3 6 and Rz, Rg '

' the modlﬁed RSS has a smailer variance than the usual RSS He showed that the most
'efﬁclent de51gn to estlmate the populatron mean is the one based on the largest umt in each |
sarnple For more 1nformat10n about modlﬁcatmn of RSS see Muttlak(1997), Muttlak and

-Abu—Dayyeh (2004 )s Al odat and Al Saleh (2001) Alodat and Al Sagheer (2007) and :

_ Lam et al (1994)

.- Lavme (1999) evaluated the RSS from a Bayeman pomt of view. I—Ie used the Kullback- .-

Lelbler mformatlon measure. t0 compare the RSS w1th a SRS The followmg theorem'-

summarizes his results:

R Theorem (Lavme 1999) Let Xl, Xz X be a random sample of size n- from a pdf

e

Ty, Tay e, T SUCH that the expeeted mformatlon in X,,1 e wr Xppim 18 greater than or equal

to the expeeted 1nformat10n ina srmple random sample of sizen .
Al—Saleh (2002) showed that under some reasonable eond1t10ns, any reasonable estlmator

of any parameter of a populatlon based on a SRS can be always dommated in. terms of

mean squares e1ror, by the eorrespondmg estlmator usmg some RSS plans

www.manaraa.com
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Lavine (1999) and Al-Saleh (2002) show that any SRS"can be always dominat_ed by_‘ a RSS
'plan In fact thelr results do not tell us what are the best eho1ces of mand 7y, rz, T

Lam et al (1994) con51dered the estlmatlon of the two- parameters exponentlal -

. d1_str1but10n' -

f(x,Bo)-—lexp( ( — )) x>9 o>0

. using RSS Also they gave several modlﬁeatlons of the RSS Usmg these mod1ﬁcat1ons o
.'-'they obtamed BLUE's (Best Lmear Unblased Est1rnators) for the seale and the 100&1210]‘1 |

parameters and showed that they have smaller varlances in a compartson wﬂ:h thelr SRS

counterparts The RSS was proposed as a nonparametrlc method to estlmate the mean of _

the dlStI‘lbllthﬂ funetlon (MeIntyre, 1952 stokes et al 1988) However, RSS was used as

a nonparametrxe method to estimate several pepulatlon eharacterlstlcs (Lam et al 1994
* Alodat and Al-Sagheer, 2007 Alodat et a] 2009 and Alodat et al 2009) In th1s case, it is
e reasonable to speak about the Flsher mformatlon in RSS B
L 2 Fisher lnformatlon - |
| A way of measurmg the amount of mformatton that an observable random variable X |
.- .earrles about an unknown parameter 8, upon Wthh the 11ke11hood function of 9 depends
s the Flsher mformatton number For a smgle parameter g, Lehmann and Casella (1998)

| deﬁned the Flsher mformatlon mX about 9 as follows o

| - where f (x, 9) is the pdf of X wh1ch is assumed to satlsfy some regulanty cond1t1ons

www.manaraa.com
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 The amount of Tisher information that a set of ordered statistics contain about i 'parametel'
| .. of mterest has been consndered by several anthors. Zheng and Gastwrrth (2002) exammed -
| “the F1sher mformatron in two symmetrlc frac’uons of ordered stat1stlcs about the scale
| '._parameter of a symmetrlc d1str1butlon Therr results show that the talls of an ordered
o sample contams more mformauon about the scale parameter ofa symmetnc dlstrrbuuon
_'_'.:Park and Zheng (2004) derlved a neceSsary and sufﬁclent cond1t1on under wh1ch two '
| 'dlstrlbutrons have equal Flsher 1nformatron 1n any order statlstlc Nagaraja and Abo- .

. Eleneen (2003) gave a survey of results on F1sher mformahon contarned in ordered_

statlstrcs

Stokes (1995) showed that the F1sher 1nfomnat1on in a RSS 1s greater than the Flsher

§ 1nformat10n ina SRS Accordmg to Lavme (1999), we may opt1m1ze the 1nformation inour
- RSS scheme by choosmg Xi o in each set, where i, = = argmaxl_ "thce)

o 1 3 Thesxs objectwes |

: It can be noted that there are mm drfferent RSS samphng schemes and the McIntyre S RSS

is one of these schemes Till th1s t1me there is no deta1led study in the 11terature dealmg

wrth characterlzmg the best RSS sampllng scheme v1a the F1sher mformatmn and other

: types of mformatmn measures such as Kullbaek Leibler and Shannon entropy In this

thes1s, we consrder the problem of charaeterlzmg the best RSS scheme v1a the Fisher

| mformatron for several probablhty dlstrlbutrons

o The rest of thls thesis i orgamzed as follows In chapter two, we derrve the mathematlcal.

' formulas for F1sher mformatlon 1n order statlstrcs for several parametrlc fam1hes Also, we

www.manaraa.com
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 caleulate the amount of information in ordet statistics based on these fotmulas. Fihal_ly, we
_'.use the amount of 1nformat10n to charactenze the best samplmg schemes. -
-_In chapter three we employ the best samplmg scheme that we obtam in- chapter two to_ |
| I- derive estimators for the parameters of mterest Also wc compare these estlmators to thelt '
| co.ulnterparts under the McIntyre samphng. scheme via their efficiency. In.chapter fcur, we

N report our conclusmns as well as the ﬁlture wcrk related to thlS thesns '
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Chapter Two
-'"'Fish_ er Information in Order Statistics

2.1 Introductlon

‘In this chapter we obtam the Flsher mformatxon in order StatlStICS for several parametrlc c

fam111es Moreover the amount of information is used to characterlze the RSS schemes -

" whlch collect the largest amount of F1sher mformatmn about the parameter of 1nterest

| Deﬁnition 2.1

Conslder m samplmg umts X ifs s ] i1, chosen from a populatlon of mterest By m-

tuple Gz 20 ooes im), ij € {1,2 ,m} we mean a modlﬁed RSS scheme whlch chooses, for =

actual quantification, the if" smallest unit ﬁom the ﬁr_st set,_the i3 smallest umt from the

~ second set,..., and the i smallest unit from the last set.

To illustrate the above definition, we consider the following example.'

~ Example

(DI iy = 1,0y =2, 0, iy = m’, then (1, 2, m) denotes the McIntyre s RSS scheme

(2) If m=2k-1, then (&, k k) denotes the medlan RSS scheme .

(3) Ifm:Zt'C: then.(_l, 1, s 1, m) denotes the extreme RSS scheme o

2.2 Locatlon dlstrlbutlons .

| Let Xl, Xz, X be 11dW1th f(x, 9) f(x 6) Thepdfof JmIS |

fyﬁm_(y) = c;,«,meFi(y_-j 9)(1  ~ Fy-a)"" 'fo-0).

www.manaraa.com
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ml

T The log hkehhood functlon 1s

WhereC}mz
f* = logCim + G — 1)lagF(y 9)+(m ;)109(1 F(y 9))+Zogf(y 9)._ -

Taking the derivation with respect to 6 we get

of -0 . fl- 0 f(y 6)
s6="0- 1)F(y e)"'(’" )1 Fo-0) Jo=0

Hence

w0 L. f(Y ) f(hm-0))
_Irjlm(ﬁ’)—E( (1 1)F(15m—9)+(m_])1 Fj(lﬁm-—ﬁl) f(yl )).

| Usmg the transformatmn v = J m— 0, we 51mpl1fy IY (9) to

@ n | (o SN ﬂii;’sz’}(:;) GO

— O

(1 F (17)) f (v) dv.
We note that Iy m (9) is free of 9

| | In what follows we calculate the values of IY Jfm(l? ) j= 1 . m, for diﬂ‘ereht lodétion

' '-dlstnbutlons Al—Saleh (2002) showecl that the dlfﬁculty in v1sual rankmg is mcreasmg o
function in_ m. For that Ijeason, we restrlct, in thl_s th¢s1s, our.calculatlons on Fisher |
hlfoi‘matlon 6nly tome .{3, v ,.10}.. | - .

a. N (B-, ,1)

.xz

If f (x) == 2 then we get the normal case. The Flsher mformatwn about 9 in YJ m 18 :

{—

_:y,mcea) cm f (o 1);“;8 (n ;)qj"(( 3)—”) OO

- =00
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. Table 2 1, shows the values of Iy om (9) for dlfferent ¥ and m

‘Table 2.1 The values of Iy)f (9) for N(8, 1)

m j Ny, (0 mJ Iy, (0) mj Iy 1, ()
3 1 1.82699 70 270843 - | 9 4. 5.87008
S 2.22924 2 | 39448 5 $6.02095
3 1.82699 3 | 456189 L 6 5.87008
4 1 | 210266 4 4.75236 - 7 ©5.39522
~2 ) 278057 5. ] 456189 | - 8 . 451451
3. | 278057 "6 '3.9448 9 © 3.00908 -
4 | 210266 | 7 | 270843 . o
501 2.33337 8 1 | 286605 101 3.14013
2 | 320855 | o2 | 424371 |0 2 | 476246
3 | 348692 | .3 500056 | 3 SU575503
4| 322855 4 | 534475 4| 634463 -
5 | 233337 | 5 5.34475 5 | 662196 1.
6 -1 .| 253261 © 6 5.00056 6 662196 -
2| 361024 | 7 4.24371 T | 634463
3 f 406522 | 8 | 2.86605 8 | 575503
4 4.06522 9 1 3.00908 9 | 476246
5 .| 3.61024 2 | 451451 100 | 314013
6 2.53261 3 539522 . | T

From Table 2 1 we note that the amount of mformatlon about a, collected by Y; i » attams .

its maximum at the me_dlan.

b Logistie 0,1)

iff (x) = x)z R then we get the log1stlc case. The Flsher mformatlon about 9 in Y-:'m' is |
| | M o 1') - o
- v m + e
Ty (0 = Gim f (m j¥1- a v)) Tremr av.

—_00

‘Table 2.2 sho.w's:thot values of Itf;:m (G)I_for' Logistic (9, 1)"for different j and m.'
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‘Table 2. 2 The values of Iy, . (9) for Logxshe (0, 1) .

mj lyjm(ﬂ) mj Ay (0) mjo| ly,®)
3 1 |06 - . |7 1 0777718 ' 9 4 [2.18182
2 (08 . S22 | 1.33333 C5 2272730
3 106 3 | 166667 6 |2.18182
4 1 |0.666667 4 1777718 © 7 1.90%09 - -
2 i 5] 1.66667 8 1145455 .
3 |1 6 - [133333 9 |0.818182 :
- 4 | 0666667 - .7 Y0778 N
5 1 0714286 [ .81 {08 o110 1 10.8333333
2 1114286 - 1 2 |14 o2 {us o
-3 |128571 ° | 3 [L8 32
4 | 1.14286 4 )2 4 |233333
' 5 10714286 - 5 |2 5 125
6 1 |075- 6. |18 6 2.5 :
2 | 125 1 114 L7 233333
-3 | LS - 8. |08 - g (2
4 135 9 1. |0.818182 A TR I I T
5 {125 2. | 1.45455 . - 10 | 0.833333 -
6 | 075 '3 ['1.90%09 - .

| N From Table 2 2 we note that the amount of 1nfermat1en about 9 collected by

i Ifff(x')'=,_.;(—1——

fm s attams .

its ma_ximum at th_e median.

¢. Cauchy (8,1)

then we get the Cauchy case. The F1sher mformat10n about 8 in Yim 18 -

I (E{ 12)) }f""%- T z
. : . + v : + v ' AV

i 8) = : ' '
@~ | [ @+]) Grrnts) CF)

. C.j, L _1" . 1.1.(1 = -.1. i
fr(1+v2)( tan (v)+ ) 2 tan (v)) dv..

The values of Iy Jin (9) for Cauchy (6 1) are presented in Table 2. 3 for d1fferent _] and m.
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~ Table 2.3 The values of Iij (9) for Cauchy (8, 1).

m 'IY m(@) m Jj _ l’y_}m(ﬂ) m j ‘ran(G)
"3 1 |070895 j. 7 1 |053246 4 | 2.88880 -
2 109064 |0 2 [ 138542 .5 | 3.16164
3 10.70895 3 2.14191 6 |2.88880 -
4 1 |0.68994 4 2.44042 7 |2.16392
o2 | 131861 5 214191 8 |1.23769 -
3. | 131861 6 - | 138542 9 |043023 -
4 |068994 .1 7. 0.53246 TR
5 11064422 | 81 0.47903. |- 101 0.38654
2 | 1.41396 ©o2 0 131823 § 2 | LIS257
3 | 174552 3 2.18418 3. 210331
4 | 1.41396 4 2.72524 T4 1295917
5 | 0.64422 - 5 2.72524 5. {3.46274
6 1 i0.58887 6 |2:18418 6 . | 346274
2 | 142487 7 | 131823 ST - | 295917
'3 |200768 | - 8 1047903 g {210331 |
4 |2.00768 9 1. |043023 9 [ 115257 ¢
5| 142487 : 2 | 123769 -] 10 - |0.38654
6 - |0.58887 3 1216392 - -

" From Table 2 3, we note that the amount of 1nformatlon about 9 collected by Yj m s attams

its maxiroum at the medlan for alI m

d LN.(B 1)

" Inthis case we get the Fishcr mforma’uon about 9 in. Yj . 8S the samo of the F1sher
_tnformauon about 81 1n Yj v for N (9 1) Calculatlons show that Iy jom (9) is the .case as for
_. norinat distribution obtained_ in Table 2..1. | B
_2;2' Scale distribution -

Let Xy, o Xom be__i'idf(x_; a)" = f (E) - >0 Thc.pdfoflj-:m s

oa-serQ(re) 10

'. '_ Tho' log _likel'i:hoo'd is
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Ft= logc}.m + (1 — l)logF (Z) + fm.--]) log (1 —F (;)) L logf( ) Ogo' -
_ Takmg the derlvatwe Wlth feSpect oo wé get - : | B

of —yo 1) f(y/o) L ym=)) fo/0) vy e 1

30T et FOJo) o 1-FGJo) o2 fG/o) o
'_Héhce" | o | | .. | |
o, {) é(—y(,—-1)f(zfm/a)+y(m 5) f(ljfm/a) yf(ifam/a) )

i | F(Y nf0) 0% 1=F(Gm/o) o 7 1Qmfo)

: Usmg the transformatlon v = ).m/cr we 51mp11fy ij (cr) to

Cim °°  o vf() - vf(v) .vf’()*'.-..z ._" |
) =2 f(o 05 * - ;)1 o f(;)’ 1) SOH

(1 F(v)) f(v)dv
. 'I_Note that max1m1z1ng Iy, m (0') w1th respect to ] 1s equwalent to maxxmlzmg gz ij m( o)
...th.h ¥¢Spect tOJ_ | SR . L |
. In what fdlI{OWS" we calculate the '-‘I'a'.lﬁés'of "'_qéjgj:_,ﬁ(a)",j 1 mm =310, for
' diffefenf Scale faxﬁiijés,'_ ' - oo _ _ _
S EXP (9)

. If f (x) = e“x then we get the spemal case The Fisher 1nformat10n about g in Ir} m 1s |

Bzfi’jmfg) = C;mf ( ((]1__ 3:; + (m J + 1)v — ) (1- e-_V)f-l_e-(m—_m)v dv

ot can b_e' soted thet YV, - ~ exp(;;l)_. So

12
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5 0) - &

'To .ﬁrlld the value of } Wthh max:mlzes ¥ im (9) as a funct;on. of j, it is equwalent to
| max1mlze 92.1}, m (6) for J. Let 10 = arg max j=1 ijm(ﬂ) S1ﬁce it is d1fﬁcult to ﬁnd | jo ._
o theoretlcally, then we ﬁnd its values for different values of . Table 24 sho*&s the values. -

. of BZIYI (9) for different values of mand j.

Table 2 4 The values of BZIY - (9) for Exp(d) .

mj )@ ijm(ﬁ) om 0%y, (&) | m ] By, (6)
3 1 - 1 71 1 9 4 | 391008 -
2 ' 1._92468- 2 - 198828 5] 478933 -
o3 2.5 . 3 294444 . 6 1 5.55788 .
4 1 .4 383111 7 | 6.12294
2 1196048 5 ' 4,57389 "8 | 628179
3 2.77778. 6 5.00361 9 54723
4 - 311111 7 | 463144 : N
5 1. i 81 | 1 101 1
o 1.97579 2 1.99118 2 | . 1.99449
3 2.875 - 3 . 2.95918 - 3] 297531 -
T4 -] 356944 4 . 3.87982 -4 | 393017
-5 3.66204 S5 4.70987 5 4,83992 -
6 1. o1 Sy 6 5.36537 6 | 567343
2 | 198369 7 5.65963 7 | 637702
3 292 8 " 5.06532 8 |  6.84973
4 3745 9 1 1 9 1 6.87407
5 4,30889 2 1.99312 10 | 585612
6 4,16583 - 3 - 296875

From Table 2.4, we note that the amount of infof_tﬁation about 8, collected by Yj.m , attains
' its maximumatj-mif3 <m < S andatj =m-1if 6 <m < 10,
b.N© oD

e zaZ , then we get the special case. The Fisher information about ¢ in Yy,

'Iff(ye)":a}ﬁ

Gis

13-
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oy, .(0) = Cm f (z ”‘(Y))2 tbj_ “1(v) @™ (~v) p () dv,

- where,

—() 1)v¢'(10 (m J)vff:'(—v)
*@ cb( v)

oz (yj = 1.3 *

" The values of o Iy jon (9)%1‘ N (0 az) are presented in Table 2. 5 for dtfferent jandm. -

Table 2 5 The values of o2ly, m (cr) for N(0, 0’2)

- m J o _Iy]:m(ﬁ) Rt m ) 1o fy}mtg) m j Gziyj:m(e)
3 1 - 2.82699 71 | 547077 | 9 4 | 235778
2} 196644 2 373 | 5. | 1917132
3 2.62699 3 24421 6 2.35778
4 1. 347021 ° 4 1.97356 7. 3.46856 .
2 245021 5. | 24421 8 | 515627
3 2.15021 6 377183 9 | 675126
4 347021 7] 547077 - _ o
-5 1 41389 - | 8 1 611879 | 10 1 | 736749
o2 | 257729 2 445129 |- 2 | 5.87502
3 - 1.96904 3 2.91076 3 408797
4 2.57729 4 2.08112 4 2.7566 :
_ 5 4.1389 5 2.08112 5 | 206608
6 1 480923 6 2.91076 6 | 2.06608
2 3.13666 7. 445129 7 2.7566
3 2,10517 8 6.11879 8 | 4.08797.
4 2.10517 "9 1 6.75126- 9 ] 587502 -
5 3.13666 2 5.15627 10 | 7.36749
6 4.80923 3 3.46856 :

- From :T_r:ible 2.5, we note that the amount of information about o, collected by Y.m » attains |
- its maximlihi at ] =1 or m.
e Logistlc (0, o‘)

(o)
(1+e (x))z ’

then we get the sPeclal case. The Flsher 1nfonnahon about oin Y}

'-'-}flff(x)

14
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00

(1_+ e.—v)m+1 dv

ad 4]

' The values of azly som (o) for Logistic (0, o) are presented in Table 26 |

Table 2.6 The values of o2y, () for Logistic (0, o) . |

mj ok, (@) | mJ (0%l (0) |m ] 2Iy),m(ﬂf)
301 | 1912 | 71 - 3.57854 4 241123
-2 163189 | 2 | 293464 ST T S .72 S
3 1.97392 3. 2.11274. 6 | a2a1123
4 1 2.35991 4| 178693 7 . 2.89732.
-2 1.78987 5 211274 8 3.90272 -
S 3| 178987 6 2.93464 9 . 4.35064 -
Co4 . p 235991 7 357854 | - S
501 276657 | 8 1 3.97078 |10 1 471752
2 209318 2 p 341137 2 439939
3] 172983 3 247176 3 3.36743 -
4 | 209318 4 -1,88529 4 243284
5 - 2.76657 -5 1.88529 .5 7190661
6 1 .| 317573 6 | 24M176 6 - 1.90661
L 2. | 248734 7 | 341137 7 243284
3 | 185147 8 3.97078 8 3.36743
4 1.85147 9 1 - 4.35064 9 . 439939
5 248734 | 2 3.90272 10 471752
6 1 317573 3 | 289732 ' o

From Table 2.6, we n_oté that the amount of infqrination a bout 7, collét:ted by ')j, -

attains its maximum at f = 1 orm.

d. Cauchy (0, o)

If f (x) == (x)z , then we get the speclal case. The Flsher mformauon about o in }j amn 1s
_'w-'vo D ovm-p N
SN 1+v2) 1+v?) 2v

oily, (0)= f ( -l

. Yam ) o tan"1v+2 * g-.—tan_ﬂv (1+172)
RN o 11 N\

d 1. = j,m - -1 .

' (Tf tqn _ v+2) (Ll + vZ)_(z nmn. (v)) : dv
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The vatues of oIy, (o) for Cauchy (0, ) are presented in Table 2.7.

' Tablc 2.7 The valucs of leyj-

(o) for Cauchy (0,0).

m. JZIYJ;m(U) m J G.Z"Y;;m(“) m jo Q'Z.IYJ.-:m(G)'
3.1 |[0581536 [7 1 0.679664 9 4 | 1.24559
2 0.782855 -2 1.031140 5 | 121406
.3 |.0.581536 3 7| 1108600 . 6 | 124559
4 1 | 0.596172 4 | 1.109950 - 7 | 128287
2 0858846 5 1,108600 3. ] 117698 -
3 0.858846 6 | 1031140 -9 | 0735834
4 | 0596172 7 0.679664 S
51 |0.620030 1 | 0.708976 10 1} 0.759727.
2 | 0.909458 2 1.10305 © 201 71.24958 -
3 0.972904 . 31 118911 3 1.38576-
- 4 - |-0.909458 4 1.17076 4 1.33081
~ 5 | 0.620030 5 1.17076 5 1.26867
6 1 0.649182 6 118911 6. | 126867
2| 0.965504 7. | 110305 7| 133981
3 | 1.041040. 8 .| 0.708976 8 '1.38576
4 ) Lb4t040 | 9 1 0.735834 9 1.24958
5 0.965504 | - 2 1.17698 - 10 0.759727
6. | 0.649182 '3 | 1.28287 : -

From Table 2.7, we note that thc amount of mformatlon about o, collected by 1{; —_— attams

its max1mum at the mcdlan 1f 3 < m<7 and at 1—3 and j—-m—2 1f 8 < m < 10

e. LN(0,0%)

mformatlon about ginY;

for nonnal_distribuﬁon obtained in Table 2.5.

2.3, Locatlon- scale famlly w1th constant coefﬂclent of varlatlon _

In this case we get the Fisher infonnation about _B'Iin Yim as thc same of thcj'Fisher_'

for N(O crz) Calculatlons show that O‘ZIY o (o‘) is the case as - .'

In varlcty of s1tuat1ons the cocfﬁclent of varlatlon (c v.) of the statlstlcal pOpulatIOIl 1s

| known Such statlsttcal populatlons arisc in agncultural biology a.nd sample survey (Smha

1983; Alodat et al 2009) In thls sectlon we assume that thc populatlon of mtcrest has a

16
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known cv. equals c. Wlthout loss of genorahty, we may assume that c—l For locatlon- |

- scale famﬂy w1th known C.v. We wﬂl use c——l in our ca]culatlon .
. LetXl, X be 11df -—-) =, 0> 0 —-oo < 8 < o, We assume thatf(x) isa

j'- .differentiable'function.. T’hen _the mean of Xis

.

“=E@)=¢f§fc;9)wn

’ Usm the transformatmn y= =2 , We can wrlte ,u as follows
g F

e ) o, -
v [

=0+ 04,

where A= j_t_”w:v f (v) dv. Also, the ?af_i_ancé of X can be written as

o

vwwﬁf%—f(x;%m—w _
- 0‘2. | fv f(V)-- (jvf(‘l?)) ’.._ :
o '=..‘._72.D,I S

. where

va f@)*(L vfwn

- Note that D depends on the functlon form f(v)

_1?-__ ;
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" TheCDFof fis

It 1—1; is the c.v. of the population of £, then .

_9I+JA___EJJ-FGIA
U\F \/_

- Note that y is known 1ff - 1s known Hence 6' =c* 0, where |

CeayTA

Note that ¢* is also know iff '-i- is known. Since c* is known, then f(?) % canbe .

. written as.

)
o

' Thepdfof m 1S

P T

- We ﬁnd the F1sher mformanon about o contamed m Y} m B8 foilows

ST
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gt = !ongm+cilogF(X—-c*)+ C2 log [1-‘-F(—-—c*)] +logf(;fc*) __lqga, N
o Wh.ere"g logg(y cr) o =j— 1and Cy=m— ;

. Takmg the denvatlve of g w1th respect to cr, then

| .'...59*-_ le(%:‘-"(:) A sz(g~.c_). 9_’_ _f'(%"-—c*)l _-1_ !
W) ) e @ T

Iij(a)‘: f(——clf(w) cr(&;‘ -Fw) + czf(w) a(c +w) f (w) cr(c +w) _1_)2 ><

Fwy  of I-Fw) ot f(w) 7 o)

. =00

| Fj 1(w)(1 F(w)) (w)dw, o

| T I—cf o) c.f (W) _f(' ) ~ )2
_.2_2_. L(F() (" +w )+1 e )( + ) f(.)( fw)—1 d

F; 1(w)(1 F(w)) f(W)dw,-

= Iff(w)

Note that Iy o (a) isa functlon of j, m, o, and f It is enough to maxumze crzt'y Jimn (cr) w1th

" res_pect to f instead of max1m_1zmg Iy j:m__(a). R
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Inthe followmg, we calculate the values of 0 Iy ;m(") j= 1, oy Ty 1= 3, oy 10, for

dlfferent Iocat[on- scale dlStI‘IbUthﬂ w1th lmown C.V.

J a NGB, 0%)

Let_Xl, Xz, Xm ud N(G 92) 9 > 0 The pdfof X is

xez '
f@ﬁy- %ﬁ“e>o—m<x<m

1
9

'ﬁl-’

o The FlSheI' 1nformat10n about 9 in }j mis

G T G-DEew , e 1)¢<v)(v+1>
ij;m(ﬁ)f%-f( tv o) '- + EICO) )

T

| -qsfei@ (o),

Therefore.

' arg maxj_, IY’, (9) = arg n'u.'tx}l‘_1 g2 ny'm(B).

- The values of Bzfyj (9) for normal dlstrlbutlons with known c are presented in Table 2. 8. '_

.. _for different j Jj and m. .. g
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Table 2.8 The val-ues of 0%ly i

p——

0) for N(6,6°).

m j 8% Iy, (6) m j | 0%h,,0) | m J | 0%h,,(8)
3 1 2.11476 7 1 | 196797 4 | 522923
' 2 " 4.19568 2 2.35841 S5 | 799827
3 - 7.19200 3 4,06587 6 | 112265
4 1 1.97630 4 | 672592 -7 14,5578 -
L2 349021 5 994211 | -8 17.284
3 637135 6 13.0749 L9 1 17398
-4 9.16783 7 | 143876 : SR
5 1 192452 | 8 1 | 203416 | 101 | 221782
2 2.98160 2 217796 - 2 |1.98397
-3 5.45596 3 356809 | 3 .| 285174
4 - 8.63008 4 591783 4 .| . 4.64580
S 11,0180 5 893391 - .| -5 | 716423
6 1 1.92774 6 | 122546 " 6 | 102119
2 2.61738 -7 15.2121 7 | 13,5567
3. | - 4.68684 8 159323 8 | 168342
4 | 765393 91 | 211909. 9 19.2910-
‘5 10:8764 2.4 208752 | 10 18.7934
6 12,7535 ~ S 30| 316972 : B

From Table 2.8, we note that the amquntbf infbrln_ation_ about 8, collected by Ijm , attains
- itsmaximumatj =m, 3Em=<9 andatj'=_m -1, m=10.
- b Loglstlc dlstrlbutlon wnth lmown Ve

Let X1, Xz, X be ud log1st1c (9 0')

1 —(x—e)/o'

0(1_’_8 (x—9)/a')2 3 00<x<oo—oo<9<oocr>0.'

f (x)

=c, say So we get that o= f Substltutmg that in f (x) we get __

=3
. _(x-0m
e c6v3

e 5]

f(x)-
14e &3

Then, we get the Fisher information about & in Yjum a8
21
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_ _ _ -
(v+Drm—j+1) B (m+ Dn + e o3 |

ij:m(ﬁ) = f =14 — _ _ T _

| _mwmofr)
nCjme B -

o T m+1dv'_

| C\/§(1 +_e.cﬁ)' o

- The values of 02 ij:m(ﬂ) for logistic zwith. _khan care presénte_d in Table 2.9 for 'dif_feré_ﬁ:t_'._ -

j andm.

Table 2.9 The vahues of 02Iy, (6) for Logistic with ¢ = L.

mj leyj:m(e)' mJ BZIYJ:m(B) mJ ezlyf:ﬁt(g) |
3 1 | 213403 7 1 | 164311 | 9 4 6.38704
-2 4.26379 2 272617 5 C 930117 -
3 5.76163 3 | 4.87516 6 12,1912
4 1 - 1.93321 4 7.63558 7 14.4380
-2 “3.87054 5 103166 - 8 - 15.1140 _
3 . 6.28894 6 119161 9 124707
4 - 717307 7 10.6315 : o
501 179116 - 8 1 1.61729 10 1. 1.62777
2 3.43463 -2 2.46696 2 2.10274
3 5.95966 3 | 436689 3 3.52978
4 - 8,27143 S 4 7.01399 -4 - 5.79639 _' E
_ 5. 8.44175 . 5 - 991607 5 - 8.61979
6 1 1.6981 6 12.4202 6 11.6428
2 - 3.04765 7 1 135674 7 14.422
3 5.42592 - 8§ |' 11.588: 8 - 16,3646
T4 8.14662 9 1 | 161387 ~ 9 | 165656
-1 10.1517 2 226195 10 |0 13.2903
- 6 9.58812 3 3.917% o ' B

From Table 2.9_, Wc_ note that the amount of ihfbrmati_on about 8, collected by Yy , attains

its maximum at f = m if 3<m<5and ,_jl=m—-1if6sm_s 10.
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| c. Cauchy distribution with lmoivn c.v;

If % = ¢ is known, then

f()-—

1+ (xcee

Then we get the Fisher information about 0 in Yim 88

0 fy;mte)% | —

00

.—w

G- 1)(ci:-+ 1)

(e +D)

'-'_2.v(cv + 1) o

ac(l+ v?) 4 (L + v2) |
L e

' C-m.(ltan"lv-l—l)_ 11 m~j

—E : (—~'——'~tan“‘1v) dv.
71'(1+1’2) .Z_H i

dlﬂ'erent j and m.

(6) for Cauchy(8, o) with c= 1.

- Table 2, 10 The values of 9211, .

23

m 4% Iy, (@) | ™ J ngvt:,,(ﬂ) m . j 0%k, (6}
3 1 103645 7 1 0.562966 | 9 4 322897 -
o2 | 18733 2 - 1.43047 ' 5 43757
3 '1.50983 3 2.52843 6 5.03976
4 1 0887419 | 4 3.55036 7 485185
2. 1.9483 - 5 | 39719 8 3.68836
3 240227 6 . 338843 9 - 1.77597
4 | 163963 . 7 1.78757 : o
5 1 075135 | 8 1. 0.505495 101 0.439256 . .
2 | 182067 2 1.25813 2 1.00769
3 2.71824 3 - 228843 3 1.81124
4 | 281917 4 3.45688 4 2,94355
5 172197 | S . 4,3351 5. 421353
6 1 0.64334 6 445712 6 5.24929
2 1.62667 7 1 3.56578 7 5.65434
3 2.70503 . 8 .| 1.78822 -8 516474
4 3,39204 9 1 | 0465745 9 - 3.7676
5 334375 . 2 | L1137 10 1.75516
6 1.76808 -3 © 2.04019 -

The values of HZIY m (6) for Cauchy(G a) w1th known C are presented in Table 2. 10 for
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From Tablcz 10 we note that the amount 0[ mforma Hon about 9 co]lected by lgm ,

.'attamsﬁsmammumatj—m 1 3<m<5] m 2 6<m<83nd

 j=m-3m=9,10.

d. Log- normal with knoﬁ;n C.V.

f(x)~ ““f“"g" 2 , 0<x<o—m< g,

- xm/_

- '.:Now, cv = \/———i =, say ThlS 1mplles that "z = log(c + 1)

. Substltutmg o?in f (x) we get

I WP PSP
e zlo‘g.(cz_'_.l).(logx. 9) '..

f(x) B x1/ log (c2 + 1)%

Then we get the F1sher mfonnauon about 6 in Yy, as

G (v__o DY) (= J)qb(-v)) .

. I‘{jm(g) “\[_log(cz+1) (I)(v) S ICD(-—v)

| G)f’l(v)q)m“f (—-v)e I dv

“The values of Iy (9) for Log Normal with known c are presented in Table 2. 1 1 for

| diﬁerent j and m.

4
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Table 2,11 The alles of b

(6) for Log ot with =1

m J | @ | m S Iy, (©) m J Iy 1 (6)
3 1 2.63579 7 1 | 3.90743 9 4 | 846873
o2y 321812 o2 L 569118 5 . 8.68639
-3 2.63579 3 | 658141 6. | 846873
4 1 3.03349 4 685621 ST ) 778366
-2 401151 |5 658141 -8 6.51307 - |
-3 401151 | 6 - 569115 9 ) 434 |
-4 |3.03349 T 3.90743 B I
S .1 |336634. |08 1 -] 413483 - | 101 ) 453025 '
-2 465782 |- 2 | 612239 2 | . 687078
3. | S.03056 3 721428 ) 3 830275
C 4 465782 | - 4 | 7.71084 4 T 9.15336 .
© 5 1336634 ] S5 ] 771084 5 9.55347
6 |1 365378 | 6. 7.21428 - 6. - 9.55347 . |
2 520848 | T 612239 -7 9.15336 © -
-3 586487 1. 8 4,13483 8 | 830275 -
4] 5.86487 9 1 434118 91 687078 |
5 5.20848 S 2 | 651307 1. | 453025
6 3.65378 .3 7.78366 - .\

2.5 Other dlstrlbutlons |

attains its maximum at the median for all m.

" From Table 2.11, we note that the ameiint of information about 8, collected by Yiim » :

In ﬂ'llS sectlon, we, con31der other parametmc famlhes where 1t 1s not easy to reduce their 2-- |

parameters versmns to a one- parameter versmn even 1f thelr C.V. s are known Also some -

of them do not satlsfy suitable regulamty condltlons in thelr 2- parameter versmn

a. Beta(B,__l)

Let Xy, Xp e

Xm nd Beta(ﬂ 1). The pdf of

m 18 gwen by

C Bygf 1(1—y )m J. |

mij - L
fnm(ﬂ’) Cf 0y°- “J"*U 13(1*37)
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| The log hkellhood is |

logfyjm(y) ZogC}m + logG + (9] - 1)logy + (m ))log(l-y )

- Takmg the demvatwe w1th respect to 8, we get .

. (m=jy’logy
+]logy.— T —y%)

_ The Fisher inforrriation about 7 in'?}.m is B

(m J)y"logy)

ijﬁﬁ(l?)_-: E( +jl . (1__'_?9)

S 1 | (m J)y"logy et
_ 0 L ' o T e

s Usihg the transformation v = y9 w_e' get '

1

o 1 ) (m ;)vlog v) iyl 1 5
. m- ] m—j j-1
=9—_”:_C"mf(1+ logv a=v) ) (1 v) v dv |
e _ T _ . N

The values of 621y, (6) for Bgta(e,fi) are presented in Table 212 for di_ffcrent jand .
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© Table 2.12 The Vaiues of QZijz;n

) for Beta(8,1)~

m j |8y ( @ fm j | 0y, (0) m 6% Iy, (8)
3 1 |- 25 71 4.63144 4 5.55788
o2 192468 2 | 500361 - 5 - 4.78933
3 i '3 | 457389 6 ] 3.91008
41 | 31 4 | 38311 71296875
-2 277118 5 ] 294444 8§ 199312
3 .| '1.96048 6 | 198828 - [ -9 1
-4 0 TR A I N B
S5 1| 366204 ] 8 1 506532 21011 - 5.85612
2 3.56944 - 2 5.65963 2 - 6.87407
3 2875 -3 | 536537 3 | 684973
4 197579 | 4. ] 470987 4 | 637702 |-
.5 1 5 3.87982 5 | 567343
6 1 . 4.16583 6 295918 6 | 483992
-2 430889 | 7 - 199118 ST | 3.93017:
3 3745 | 8 | 1 S8 | 297531
A ) 292 0 19 . 5.4723 9 | 1199449
5 | .19836% | 2 | 628179 . 0. | 1
6 S '3 6.12294 g

Let Xj_, Xz,

From Table 2 12, we note that the amount of mformatlon about o, collected by

:.attamsﬁsmammumat]-—l 1<m<53ﬂdat}-2 6<m<10

b. Beta(l 9)

X be nd Beta(l 9) The pdf of m 18 gwcn by B

ijm(y) (] 1)|( ) ( "J’)B 1[1 - (1 y)G] (1 __,y)e(m——j),

-c}me(l y)ﬂ(m“-” 1[1 (1- y)"]" -

' Lét f Zogfy m(y) then _'

= logfyj (y) logC}m+logﬁ+(9(m+1 ;) 1)zog(1 y)+_ )

(-1 109(1 (1 y)")

| _Takmg the derlvatwe of f w1th reSpect to 9 then
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'ij:,,;(‘?)é Cj,mj('e'_'i' (1+_'_m-—_j) T

| 1 g .
_GL — 5 + (1 + m— _}) log(i y) U - 1251__ (::):) l;)')gg()l y)
_ The Fis_h_er _hlfonnatlon abojlt 6 in Y is ._ _

___- P _0 1)(1 y)9109(1 ¥y)
_. !(+(1+m 1)109(1 }’I) _(1_ (1- y)9)) X,

9(1 y)f’(“m“}) 1(1 (1 ;v)@)f o

'- '-Usmg the transformatmn P= (1 y)9 we get

1

1

logv (j— l)vlogv)z gpm Dy
6.

(1 —v)tdy,

0

' ~ Dvlogv : >
=%—-f(1+(1+m j)logv (lﬂv)g ) vm‘_f(l-—v)f“1dv,

| The values of leyj (9) for Beta(l 9) is the values of Gzly fom (9) fot Beta(@ 1) but ina

_reversed order The reason is because xf x~Beta(9 1), then y=1- - ~Beta(1 8, )

C.. Power functlon dlstrlbutlon

Let Xi, Xz, X be ud ﬂom Power functlon dlstr1but10n i e from the pdf

 28-1 - '
Bxi—ﬂ 0<x<10<9<1

f(x, 9)— 1o

The pdf of ¥, is givenby
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26-

T
fym(y - cjm——-——ﬁy‘f-‘ﬁz(i 5)

Cm1-

- Letf logfyj (y 9) Then

0 eyin-1, - 8
7 U+)( )

.f*.'z 109(:1@-:-[099 log(l 9)+(ﬁ__1—_

m—j

1y”'"9‘

5 )logy_—’l— (m—_j)log_ (1_—‘ va—‘é) b

=l096}"‘+ 1099 - log(l - 9) +( 1-0 )l_ogy.—_.(l —9) logy +

' (m — Nlog (1 .

" Taking the first derivative with respect to 8 , we get

1, gy _ (m —j)yi-flogy

1
26 0

1 jlogy

T1-6" (1-6)?

a-ora-y=n)

(m J)y"‘?logy

e 9)*(1 9)

- The.Fishe_r inforhl_ation about 4 in Yj._m i_s |

(1 y_g) (1 9)2

1 Jloghm (m-jmml—elog!@:m)

I}'fm(e) E(eu '9)+(1

01— 0yt~ YT

e | 1 J
L :_IYJ:m(B_). CJ"‘ j (6(1 9) i (1
. o .0

- 6)7

e T
jlogy  (m—J)y1- 910931) .

(1 9)2(1 y1-9)

o 1 L |
) —-E——y 1+3 (1 y 9) dy.

1-6 . |

| “'_29
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Using the transfomnatlon v= yl = we get

e L  J(L=6)logy (m—)(L— Oyvioge\:

lrjm®) = G ] (9(1 6) TTeA- 07 a-v)(-0)? ) "
| 1,,.141'(1_1,)#1%@1;,' .

1 jlogv - (m—jvlogv

IY}m(e) C»m (9(1 9)+9(1 9) 9(1*9)(1

)) 1—1(1 v)m—Jdv_ |

. .

G e iysiogn\? 1'-'1 s
92(1 9)2“1“1"9”" A= _.(1-"- '?):"’?_"‘

Thc values of 92 (1 X} )2 Y jom (9) for power functlon are presented in Table 2. 13 for -

) dlfferent 7 andm |

- Table 2,13 The values of 6‘2(1 = G)Zijm(Q) for power functmn B

m |05 = 0Pl (8 [ m j [8°C- B)Z;ijce) m 92(1 e)zfy,m(e)
31 25 7T 4.63144 94 | 5.55788
2 192468 2 500361 5 478933
3 | . 1 3 457380 ) 6 3.91008
4 1 Sz 4 383111 7| . 296875
2 2.77778 5. 294444 - | 8 199312
3 1.96048 6 £ 1.98828 9 R
. 4 17 1 S |
5 1 366204 | 8 1 . 506532 . | 101 585612
2 3.56944 2 565963 2 687407
3 | 2875 3. 5.36537 3 6.84973
4 197579 4 4.70987 4. 637702
5 1 5 3.87982 5 567343
6 1 416583 6 | - 29518 6 | 483992
2 . 430889 7 199118 7| 383017
3 3745 8 | ! § 297531
4 292 |9 1 5473 9 199449 .
5 1.98369 2 6.28179 10 1
6 1 3 6.12294 o

From. Ta.ble. 2.13, we note that the amount of infonna‘ti_oh about 9, édl_lec_ted by )j:m .

' attains its maximumat j = 1, 1< m < Sandat j=2, 6<m<10.

30
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d. Pareto distribution
Let X1, X2, ...,Xm'beiidpareto( B)wﬁh knowna l‘hepdf of ijls gwenby
Br BVt B(m~j) S
_fmﬁ’“ (2PN (e SR
| Theioghkebhoodls | o | | | |
zogfyjm(y) l0gCym + logh + Bloga = (B + Dlegy +

- )

'-Takmg the derlvatlve of f * W1th respect to ﬁ, we get

af loga+-;——l0gy+(m ])log(y) (1( ga)z‘;( )

B

L\

. The Fisher information about B in Y is

) ' alogfy Ym
mm(ﬁ)- ("gf ;;;( )).

Then we note. that the Flshef 1nf0nnat10n for Pareto(l B) is snnllar to the Flsher.l' 5
informatlon fo:_Beta(l, 8). - |
e 'wem wp

i Case l.yis known |

© Let Xy X X be iid Wetbull (y, By >0, B>0. The pdfof 1§ m 8 glven by
- _ Ly _ ;(Z)Y 1—1 ._ _(m_j)( ) y y—1 (Z) S
R .ij:m(y) = '-L;;—-‘(l —e \# ) e W (‘E) b |

g
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Iy, B =E i

The log likelihood is -~ -

. .- | f*= long,m]'_f.__.—'.ltl?gB“I' 6'1 lqg ( 1 e_(%)l’)“ y (Z)y + (y _ Dlog (_3.’.)’

\B

= 10gCjmy —vlogB + cilog (1_‘“’ ('3)-”)';“02 (%) +-Diogy,

: wheref” = logfyjm(y),cl = (j .__..1).‘6.111(1 -Cz.=_ m __] N 1).‘: - o

Takmg the derivative of f* Wi_th rg.s:péct to B, we get |
. y cyyB Ve (’G) -I'-. ra-+D)
B B VYT

“The Fisher information about B in ¥, is

o R —(Yj.:;n)"y . 2.
y;cly};fmﬁ\_(?""l)e "B

- V¥ p=r+1)
Yim .+ Czy}.;fmﬁ 4 -y

o e“(T)y_ -

2

: Y Gy e i
mf _-ﬁ—.-ll - o +cvy' B (}_’H) X
0 _ 1 -—-'e_—(g) o

N 1(1 - e-(%)")cl {3 (%)”“1 . “

- Using the transformation v = (5) -we get
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8

...v 2 o
C . :
=y 11‘]3_ + Czl’”) (1 - eH?)‘_""e_Fz?d?’é o

Iij(ﬁ
0

.'The values of BZIY Jom (B) for We1bull (1 B) are presented m Table 2.14 for dlfferent _; and "

m.

~ Table 2. 14 The values of ﬁzfy} (B) for Welbull(:l ﬁ)

m J ﬁzfvm(ﬁ) m_J Bzfr (ﬁ) mj | B ij‘m(ﬁ)
31 1 71 9 4 | 391008
2 192468_ T2 -_198828 .5 4,78933.
3 25 3t 294444 - 1. o6 (- 555788
4 1 0 4 383111 | 7 - 6.12294
-2 1.96048 5 | 457389 | 8 .1 628179 .
C 3| 277778 6 | 5.00361 9 - 5.4723
4.1 3011t 7 | 463144 | - N
5.1 1 8 1 S DR A (11 G e
2 1.97579 2 1.99118 2 1.99449
3. 2875 | 3 295918 3 2.97531
4 3.56944 - -4 | 3.87982 . 4 3.93017
-5 | 3.66204 5 ] 490987 5 4.83992
16 1| 1.~ 6 | 3536537 6 5.67343 -
2 1.98369 . 565963 e A TR % v [\
3 292 | 8 | 506532 8 |. 684973
4t 3745 R T OO AR R 9 | 687407
5 | 430889 .2 1.99312 10 | 5.85612
6 416583-' .3 2968?5 L -

N _ From Table 2 14, we note that the amount of mformatmn about ﬁ eollected by Y} .

attams1tsmax1mumat}—-m,1<m<5]-—m 1 6<m<10

| Case2 B:sknown .

In th1s case we derlve f log fy'j:m () _With respect _te y, then We_ get

%% =-}17+ €1 (ﬁ )li (;(%;39(‘8 ) —Cy (%)y log(;) + lOQy .. .logﬁ

The Fisher 1nformat1on about Y m Y - 1s

33
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dy " |
[ G5 Ve

- Using the transformat;on V= (%’) we gejt SR

Cim [ .cve"lov: 2z
Iij(V) _L;l‘_j 21 — e_f) - czvlogv +. logv) ' -'sz(1 — e dv.

| _ The values of Y Iy o (y) for We1bull( Y, 1) are presented in Table 2 15 for dlfferent j and

.

Table 2.15 The values of y2ly,, () for Weibully, 1).

m j |Vl (mJ Wl |\ mJ | ¥ 2 Iy )
301 710168 | 7 1 | 396485 | .9 4 | 283332
2 179061 | 2 | 3.se8ss | 5 | 211082 -
3 | 3.09013 - 3| 2.65766 6 ] 1937137 |
4 1 | 257329 4 | 1994 | 7 258226
20 | 198807 © 5 ] 202365 8 | 433884
3 197168 6. | 3.19102 9 | 7.3884
4 378444 | -7 ] 594852 o -
5 1 . 3.05308 - |8 1 | 438%5 10 1 5.17858
o2 ) 2anT 2 | 415449 | 2 5.30227
3.7 - 1.8793 3| 322:312 3 | 445681
4} 228305 L4 | 234301 4 | 340251
5 | 44992 5 ] 191146 5 249433
6 1 | 3.51903 - 6| '2.26003 6 | 197389
2 2.98885 7§ 37428 7 | 205762
31 217916 8 | 667128 8 | - 297499
o4 | 189101 ) 9 1 | 479357 9 | . 49684
5 | 269795 ) 2 | 473434 | 10 8.09807 - | =
6 5.22297 3 | 3.83075 : R

From Table 2.15, Wé..r.l()te that the amoi;ht_ of 'ianrrnatiofi laboﬁt Y _c.olleote_d by Yiim » S

attains its maximum at j = m for all m.
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" The log likelihood is

IY_;m(a:) —-.. ( da

Ll f)

| Case 1, B s known | -
'Let_ _Xl, XZ, - X be 11d LL (a B), a> 0 B > 0. The pdfof 1§ m is gwen by

_ - _ o om—f : '_ j-—i'
- o _q,mﬁ(y/a)ﬁ-i SR W U SN
U Y= . 11— —
U@\ 6 )

. f logc} m'_{, logﬁ loga 5 (ﬁ l)log (}') 2109( (___) )+- -

1

czlog 1-—14-(.‘:!)}G .-;-"'cllbg. E@F

y, 7/ Y
.wheref logfym(y) cl = ] -1 and cg =m - }
'Takmg the derwatwe of f with reSpect o a, we get o

' Col . -1 E
af-,,, 1 (ﬁ 1) 25a—(1+ﬁ)yﬁ _ clﬁaﬁ“‘l _ czﬁaﬂ | .(1 +'(}’)

_—

= . + % +— -
__-._a“ .a' @ : 1+(y)3 3’5(1""(%) ) - ."1;'____1__._

The Fisher mfomation?about ainYmis

along} m(y))

_ 35._.
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: H dlogfy; () 2 By /a)P-1 1 -1
SJekee) i) (e

) _._o- : aa /. a.(i +. (%)ﬁ)z . 1.;.(%)3 .1_—'[-_(% B _ |

Using the transformation v = (E) » We get

o ij o Zﬁv' 015' czﬁv"'-"(l +'17_1)'_2_ _
| B S 1+v"1
4 1m1 4 11
- )( ) dv.
(1+v)2( -1+v*1 1+v—_1 v .
: "Calculatlons show that a:zlyj (a:), for- LL(a,l) is the case as for loglstlc dlstrlbutlon .
- obtained in Table 2.2. | |

i Case 2. cr'is-kn()_Wn
In this case we defive F* = ZOQ f} o 6 _'With respect to 5. .
o oy e (Y oa (8
2@ g alp) L)

o
6 3”09(5)“1«%(2)3 {

" wg®)

" The F_ishef infoi‘ma_tionf about f in Y., is-"_f_ |
36
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 ® =

T
‘Using the transformation v = (E) , we get -

” .EIYI (ﬁ) f 1+logv 1 1+v (1+v) ( v-.)

| where ij

(falﬂgfyjm@))

: 'n.';—j" IR .j-—l-'_

.= _. f(alogfyjm(‘y)) B@/d}ﬁ_—i
X

o1+ (%f)z. '“1 ( 6y “(‘@ﬁ -

v 'ci. - cz(1+v"1)

1+ v
) Cim ; (1 | 1 )m'J( 1 )1“1 d: | o
(1 + v)z 1+vi) \+v1) v 5

Calculations show that B 2 Iy i (ﬁ’) for LL(1 B is the case as far 1ogtst1c dlStI’lbU.thl’l

- -obtalned in Table 2.6.

2. 6 Best Samplmg Schemes _ |
In thls sectmn, we characterlze the best samplmg schemes for the famlly of probab111ty
. dlstrlbut_lon consldered m ch_ap_ter two. | |

- a. Exp(8) __

Let'-Xl',Xz_, .+ X,y be a random sample of size m from exp (). The pdf of lr}m ,the

= jmiorder'steitistic is:

U- 1)1(m—J)! .

37 .
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Accordmg to Table 24, the amount of 1nformat1on about 0 collected by Yj m attams its ._

maximum, as a function of j, atj=m 1f 1 < m < 5 and at J—m-l 1f ) < m < 10

So for m < 5, the best samplmg scheme is the o one whlch chooses the max1mum of each set

- for actual quantiﬁcatloo. For 65 m S_lO, chooses Ym-—l:m- _for actoa_l _qoantlﬁoatlon.As '- .; -  .

- | : m 5 0, ‘.Ne. 'exoecf to ohoose.Y;‘,',; whioh i ekp(i), 1e,we cho'o'sé_ a schernewhmhcames
) '_the oame aroount of mformatmn as a SRS of size no | o u

| ‘Table 2. 16 contams the best ranked set samphng plan and the correspondmg amount of

information'that- it collects ab_out 9 .

“Table 2,16 The values of Iy, (9) for Exp(6) in the best RSS plan.

m - . ] RSSplan -~ Fisher Information in plan -
3 (3,3,3) - 75

4 (4,4,4,9) - T 124444

5 {5,5,5,5,5 . 183102

] (5,5,5,5,5,5) _ '25.8533

7 (6,6,6,6,6,6,6) 35,0253

8 (1.7,7,3,7,,1,7) : 45277

9 (8,8.8,8,8,8,8,8,8) : : 56.5361

10 (9,9,9,9,9,9,9,9,9,9) 1 687407

Similarly, the Tables 2.16- 2.31 contain the best ranked set sampling s_che'mé's__as. wellas

~ the a mount of information that _it_'collec"ts about the pai:ameter of interest for the |

- distributions which we have studied.
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b N (9 1)
| ~ Table2.17 The values of Iy . (9) for N(8, 1) m the best RSS plan.

m " RSS plan Flsher Information in plan
3 (2.2,2) _ 6.68772
4 2222)0r(3,333) - | T 11.12228
5 (3,33,3,3) i 17.4346
6 (33.3.333)or{4,44444) ' 24.39132 -

7 (4.4.4444.4) = L 33.26652
8 (4,444,444 or (5,5,5,5,3,5,5,5) 42,758
9 (5,5,5,5,5.5,5,3,3) ' '  54.18837

10 (5555555555)0r(6666666666) - 662196 -

' The amount of information about & for LN (8, 1)is _the same of the amount of 'infoﬁna’tioh o

- about @ for N(l, 8).
e N(O o2)
Table 2. 18 The values of Iy D) for N(O cz)m the best RSS plan. |
m _ _ RSS plan - _ Fisher Information in pIan

3 (1,1, 0r(3,3.3) - T 8.48097
4 LLLDor @444 13.88084
5 (1,1,1,1,1) 0F (5,5,5,5,5) . T 20.6945
6 (1,1,1,L,1,1) 0r (6,6,6,6,6,6) o 2885538
7 ALLLLLD or (TLIILTT) ~ 38.20539
8 (L1011 or (3,8,3,88,888) -« 4895032 -
9 _ (1,1,1,L,1,1,1,1,1 )y or 9,9,9,9,9,9,9,9,9) 60.76134
10 . (LLLLLLLLLD)or T 36749
g (10,10,10,10,10,10,10,10,10,10) - -

The'amoﬁrit of infonnation .abom a? for LN(0, o) is the same of the amount of . -

information about g2 for N(0,62).

39
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d. N(9 92)

Table 2 19 The values of Iy, (9) for N(B 92) in the best RSS plarL

m ~ RS8S plan. Flsher Information inplan - [
3 (3.3,3) '. 21.5?6_
4 (4444 36.67132
5 (5,5,5,5,5) - 5509.
6 - (6,6,6,6,6,6) - 76.521
7 CANNNNIOD - 100.7132
8 (8,8,8,8,8,88,8) 1274584
9 . (9,9,9,9,9,9,9,9.9) - 156.582 -
10 - (9,9,9,99,9.9,999) 19291

e Beta(B 1)

. Table 2.20 The va]ues of Iy o (9) for Beta(G 1)m the best RSS plan

m. RSSplan . Fisher Informatmn in plan
3 (1,1,1}- 7.5
4 {1,1,1,1} 1244
3 (,LLLE) 183102
6 (2,2,2,2,2,2) 25.85334
-7 (2,2,2,2,2,2,2) o 32,02527
-8 (2,2,2,2,2,22,2) . 4527704
9 - (2,2,2,2,2,2,2,2,2) 56.53611
10 (2222222222 - 68,7407

Table 2. 21 The values of IY (9) for Beta(l B)m the best RSS pla.n.

a0

Number of nt - - RSS plan Fisher Informatlon in plan
3 (3,3,3) 75
"% WAAA) 244
-5 (5,5,5,5,5). 18,3102 .
6 (5,5,5,5,5,5) 2585334 )
1 (6,6,6,6,6,6,6) 3202527
8 ICANNNENN) 4527704
9 ~ (8,8,8,8,8,8,8,8,8) 36.53611. -
10 S (9,9,9,9,9,9,9.9.9,9) 68.7407
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The a_mount of information ab_out f for Beta(l, 9) is the same of ﬁé__ah10i1ﬁf of

| informatioh aboat B for Paretb (L B)

' g Power dlstnbutmn .

Table 222 The values of IY i (6) for Power dlstrlbutlon in the best RSS plan

mo - RSSplan . l"xsher Information in plan
3. arLhy - o 75
4 - (LLLY) : - 12444444
-5 (LLLn - ©18.3102
6 - {2,2,2,2,2,2) _ 2585334
T 2,2,2,2,2,2,2) = ©+ 3502527
8 (2.222222.2) 4527704 -
9 022222222 T 56.53611
10 - (2,2,2-,2,2,2,‘2,2',2,2) S 68,7407

h. Cauchy dlstributmn o

| | Table 2.23 The values of IY; (9) for Cauchy(@ 1) in the best RSS plan

S m o RSS plan o Fisher Informatlon in plan

3 2,2,2) } S 327192

4 (2,2.2,2) 0r (3.3,3,3) T 5.27444

5 (33,3,3,3) S 87276

6 . (3,3,3,3,3,3) or(4,4,4,4,44) Cp 0 12.04608

1 (4444444 R C. 1708294

8 (4,4,4,4,4,4,4.8) or (5,5,5,5,5,5.55) 21.80192

9 . (5,5,5,5,5,5,5,5,5) : - 2845476

10 (SSSSSS5555)0r(6666666666) o 346274

Table 2.24 The values of Iy s (a) for Cauchy (0 a) in the best RSS plan,

m .. - . RSS plan e Flsher Information. m
3 T2 2) i ~ 2.348565

4 2,2,2,2) or (3,3, 33) | 3435384
5 (33333 T 486452
6 (3,3,3,3,3,3) or (4,4,4,4,4.4,) . 6.24624
7 B} (@AAAAAA [ 776965
8 _ (33333333)01:(66666666} T 951288
9 | -(3,33333333)0r(77????77?) -~ 11.54583
10 (3,3,3,3,3,3,3,3,3,3) or (8,8,8,8,8,8,8,8,8,8) 13.8576

41
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Table . 25 The values of I, ,m( ) for Cauchy dlstnbutlon with c= 1 in the best RSS plan.

2. Welbull dlstnbutmn

Table 2. 26The values of Iy,

RSS plan. Fisher Informatlon in plan
3 2,2,2) 561309
4 (3,3,3,3) 9.60908
3 (44.444) 1409585
-7 (5,5,5,5,5,5,9) - 27.80358
8 {6,6,6,6,6,6,6,6) 35.65696
9 (6,6,6,6,6,6,6,6,6) 4535784
10 NUANNNNNNNNIE . 56.5434 .

(ﬁ)_ for Weibull(1, B) in the best RSS plan, o

m: RSS plan Fisher Information in plan - |
3 (333 15
A (4,4,4,4) 124444
.5 5,5,5,5,5) 183102

6 (5,5,5,5.5,5) . 25.85334

7 (6,6,6,6,6,6,6) 35.02527

8 1370307 4527704

9. - (8,8,8,8,8,8,88,8) - 56.53611 -

10 (9,9,9,9,9,9,9,9,9,9) 68.7407

Table 2. 27 The values of Iy o (y) for Welbull(y, 1) in the best RSS plan,

a2

m. -RSS plan - Pisher Infonnaﬁon in plan -
-3 (3.3,3) 927039 _

4 - (4,4,4,4) - 1513776 -

5 (5,5.5,55) 22.496

6  (6,6,6,6,6,6) 31.33782

ST (7,1,1,7,11,7) .~ 41.63964

8 (8.,8,3,8.8,8,8,8) 5337024

9 . {9,9,9,9,9,9,9.9,9) 66.4956

10 (10,10,10,10,10,10,10,10,10,10) - 80.9807
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| i. Log_Normal distribution

Table 2. 28 The values of Iy, . (9) for LN(8, crz) w1th ¢=1 in the best RSS plan -

m. RSS plan Fisher Information in plan
3 (2,2,2) 9.64836
.4 (2,2,2,2) or (3,3,3,3) 16.04604
5 ©(3.3,3.3.3) 25.1528
6 (3,3,3,3.3,3) or (4,4,4,44,4) 35.18922
-1 : 4444444) _ 4799347
8 " (4,4,4,4,4,4,4,4) or (5,5,5,5,5,5,5,5 ) 61.68672
9 . : " (5,5,5,5,5,5,5,5,5) 78.17751
10 (5555555555)or(6666666666) 95.5347

) Loglstlc d]St!‘lbllthll -

Table 2.29 The values of IY o (9) for 10ngth(9 1) in the best RSS plan. :

m - RSS plan | Fisher Information in plan
3 (2,2,2) 2.4

4 2.2,2,2) or(3,3,3,3) 4

5 _ (3,3,3,3,3) - 6.42855

6 - (3.3,3.3.3,9) or (4,444,458 9

T T (4444444) 12.444406
8 T (#,4,4,4,4,4,4,4) 01 (5,5,5,5,5,5,5,5) 16
-9 (5,5,5.5,5,5,5,5,9) " 20.45457

25

(5 H 5 ) 5 ,5 E 525’5 » 535,5) 0r(6’ 6, 6’6’ 6’6,6, 6 ¥ 6’ 6)

1nf0nnat10n about a for LL(cr, 1)

Table 2. 30 The values of Iy, o (a)for Loglst1c(0 o‘) in the best RSS plan

The amount of mformatxon about 9 for Lo glstxc(e 1) is the same of the amount of

R ~ RSS plan _ Fisher Information in plan ]
3 (1,1,1)or(3,3,3) 5.92176
-4 {1,1,1,1) or (4,44,4) - 9,43964 -
5 ALY or (5,5,5,5.5) 13.83285
6 - (1,1,1,1,1,1) or (6,6,6,6,6,6) - 19.05438
7 OLLLLLY or (7,7,7,7,0,17) - . 25.04978
8 (1,1,1,1,1,1,1,1) or (8,8,8,8,8,8,8,8) 31.76624 -
9 (1,1,1,1,1,1,1,1,1) 0r(9,9,9,9,9,9,9,9,9) 39.15576
10 (LLLLLLLLLYor 47.1752 -

(]0 10,10,10, 10,10 10, 10 10 10)
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' The'amount of information about o for logistic(O, o) is the same of the amount of
1nformat10n about ﬁ for LL(1 B) Fmally,

Table 2.31 The values of ij (9) for logistic(8, o) Wlth ¢=1in the best RSS plan. -

m L RSS plan Fisher Information in plan
3 G332 17.2849

d (4,4,4,4) T 28.6923 -

5 (5,5,5,5,5) - . 42,2088

6. . (5,5,5,5,5,5) - . 60,9102

T (6,6,6,6,6,6,6) . . 834126 ]
8 (17,717,970 ] 108539 -
9 (8,8,8,8,8,8,8,8,8) - . 136.026 ]
10 | (9,9,9,9,9,9,9,9,9,9) 165.656

2 7 Concludmg remarks

Based on Tables 2 1 2 21 we may rvrlte the followmg oonolusmns .
| 1 For a symmetrtc d:strlbutlon about the parameter 8, the best samplmg scheme is the one .
. which quanttﬁes the medlan of each set provided that the scale parameter is known o
| '2.._ For a scale dlstnbutlon Wlth scale parameter g, the best samphng scheme i is that one
-. whreh quantlﬁes an extreme. order statistic or an order stattstlc near to an extreme order :
- statlstlc dependmg on dlrectlon of the pOpulatlon skewness and pI‘OVIded that the |
| _locat:on parameter is known o |
3. For a seale 1ocatlon dtstnbutton w1th knoWn C. V. the best samphng scheme is the one
whlch quantlfies an extreme order statxstlo or an order statlstlc near the extreme order.
statlstlcs except for log normal w1th known cv where the best samplmg scheme is the one N

which _quanuﬁes the _medlan.

T
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o family,

Chapte-r Three =
- Estlmators Based on Best Samphng Schemes

In thlS chapter, we use the best RSS schemes that we have obtalned in the chapter two to e

btam estlmators to the parameters of mterest for three parametnc families: the 1ocatlon S

the scalc famlly and the location- scale famxly with known coefﬁclent of vamatlon .

- Also some dmtrlbutlons outs1de these famxhes are cons1dered Moreover, we compare these -
- estlmators to then' counterparts under the McIntyre RSS scheme via thelr efﬁclenmes
N 3 1 Estlmators for locatlon dlStl‘lbllthll

| a. N(9 1)

et Gos = Jo) be the best ranked set samphng scheme for N (9 1) obtained in chapter two :

‘The pdf }'}nm :
| 9;0(y= 0)= G md""’“‘(y 9)¢"’"‘“J°(9 y) ¢(y 6),

' andthcmeanof }jom is

E(m) = f y Gy ®I1 0y = )88 = y $o-0dy
= f (v +6) Gy @ () O™ Io(~v) qb_(v)dv; o

20 [Guerieniey pwart

f o Y 1(v)¢m“f°(—v) ¢(v)dv

. =-CO

45
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' where Qpy, = [7.0 Gy @1 (®)®™o(~v) $(v)dv. Hence,

Eym—Qmie] =6

~ So an unblased estlmator of § based on. 1,}(1) Y.(T"),'m mdependent copies of Y, is

i
o= —Z(l;f,in —Qm,io

i=1 -

L with variance given by

: - Var(ﬁ'b N) = — Var (Y(i) )

where -

Vm; (}}(1) ) L}(l;g?nz) '"(EY;(:%,)Z _

= [5Gl - Y00 -y ey - Oy~
| U Y G ®(y = )10 = YTy ~ 0) d”) -
= [ @+ 07 GuueE by op Wi~

2..

( J‘(v + 9) Cjom(b(v))o“l@(—v)m"f“q)(v) dv) .

Tt can be noted that Var (1;513“) is free of 6.

Under Mclntyre' s RSS scheme, an estimator of 0 is giV_eh by

46
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.BQSS,N = EZ(‘?m ~ Qmj)
U=

~ with variance given by

PN ' 1 .
whe_re_' - |
Gn= [ 7 GmO =0V 0O ) IOG - Ody —
| ( f Y Cm®(y — 6) (8 — y) I by - 6) dy) -
= f .('v+9)2_Cj@d?(__‘!?)j“icb(—-i:)m"fd_)(v)dv -

.2.-

N ( fw+o) cj,m¢(v)f‘1<b(—-v)m“f¢(v)dv) .

~ Note that o, is free of @ for all j. Hence the efficiency of 8 with respect to Brssn i _a_'lslo_

 free of @ and is given by

Y, 6P |
ef f (BRSS 05, N) = V;:(;Z) )

The Values of e f f (9 RSS.N? Gb N) are obtamed numerically for m——3 _10'and feported in

Table 3.1 |

a7
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| Table 3 1 The efﬁCIency Ofgb N W l‘t BRSS N fOl' N(B 1) E

We note that eff(QRSS N Gb N) >1 for all m=3, .

eff(BRSSNJGb N eff(gRSSNJ Gp.n)
-3 1.16463 7 - 1.32181 .
4 -1.18208 8 - 1.33591
s| 125853 | 9 | 136870
6 1.27494 10 1.38078

., 10 and it is increasing in m.

b Loglstlc(ﬁ 1)

| Let Gos vees ]0) be the best ranked set samphng scheme for log:stw (9 1) obtamed in chapter

| two. Thepdf Y}o:m is

g o0~ 9)(m-f;+1)
. . 9 —_ jom .

and the mean of Yiyum 18

Jome—(y—e)(m fu+1) _
°m) - fy (1+e—(y-9))m+1 dy,

1»’(‘-"-"t Jok1)

: I-Ience, _

f (1? + 9) J(Ofl_}_ e-;v)m+1

B D _
(1 + e—V)m"}'l
. T .
: . © Cj g —v(m=jo+1) _
hero B, = 0B

@ CJa -'v(fmﬂﬁi) o
dv + fv (1+e-1’)m+1 dv,_._
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"Soan unblased estlmator of 6 based onY; j o "

E( Jom Bmfo) 9

y& ) Y}("??l, m mdependent cop:es of )j«o ane 18 |

Y =—~Z(:; ).

1-"-'1

‘with variance given by

Var(@b L) - — Var (Y(l) )

e Where

'- *v@r(yw)eg yw) (Eyw)

(1 + e-—(y B))m+1

L Gome So-txmdry o 2C eromomiey \F
R Jom dv — Mom d )

é-—v(m—jo+1) _

o Fenep G (o gy Tem” "
- (v+ ) (1+e—v)m+1 1?_.. (’i?-’r ) (1+e—v)m+1 d’l?_

| 'Under McIntyre 8 RSS scheme an estlmator of gis gwen by

9RSSI. = mZ( -m mj)
S j:]_ : .
 with va:{anCG given by
. 1 :
: _J'=1 PR
Whefe _
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LG P e )
- Gjm = y (1+e (y e))m+1 dy = fy (1+e-0r—9))m+1 dy

.._00

2 ;' e—v(’ni—jﬂ) . | e—-v(m——;+1) 2__.
f (v + 62 (1 = v)mﬂ j(v+9) e av) .

. _Thc efﬁ01ency of Bb ;, with respect to 9RSS N (free of 9) is

C PO zjijzm .
. | fo(eRSS,L’ eb,L) - m Var (Y(l) ) :

'_ Table 3. 2 contains the numerlcal values of eff (GRSS L 9,, L) for m=3, . ' 1'(:)_-

Table 3.2 The efﬁcxency of Gb L W.IL BRSS , for. Loglstlc(ﬁ 1)

m i eff(gRssm@bL) om eff(gRSSL:ebL)
3 | 138137 7| 176325
4 142027 -8 1 179866
5 | 160667 | 9 | 188263

-6 164601 | - 10 1.91408

| _Similarly, ef f(Brss. Op,) = 1 forall m=3, ..., _1_0 and ef f (Ogss,ir Op) i increasing in 7.

o LN, 1)

Let (}0, - }0) be the best ranked set samplmg scheme for LN (9 1) obtamed in chapter two.

The pdf }?'o:m is

9;0(}’ 9) :’/"_m_fbl'ﬂ“l(logy B)cbm"io(a_..logy)e Z(Iogy -0)*

and the mean of on:m is
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| So an unblased estimator of 9 based on Yj

' C - o “Llogy—6)2 5.,
. E(log m) — | logy Jorttt cp.fo"‘_i(logy —_ Q)Q)m Jo(@ — logy)g 2 | : dy,

B S P
- [+ o) BR ot myeni(-v)e zdy,

=04 | v 2Ll (@™ h(-v)e 2dy,

=0 P

pe

'_' OOM j-—-l. ' m—j-'-__' “""'dv;'
o2 plo~t (W) 0" °( ve ev.

3 Where' Fm.fo = f_w'_'-_’

Hence E(logl{;“m ijo) = 9»_ |

(1) | y(m),m mdependent copies of ¥; g is

Opun = :" Z (169 lffm m)o)

~ with variance given by

\ Var(ﬁb LN) - Var (log 1'):1_)

~ where

o)l

S

=f (logy)z :‘;é_cwo-'l(zogy e)cbm"fo(e logy)e” 2"?9y_"9’2 dy~
0 o : SR

2

Cj'om jo— - m—jo( -5(logy=0)” 4
| logy 222 plo=1(logy — )D™ (8 — logy)e 277 ay | .
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- f v+ 0 %L"—“—@fo“l(v)@m‘fo (~v)e T dv—~

2

| | (j(v+9)j°’__m€bf°"1(v)<bm 10(—1?)3 Z dv)

“Under Mclntyre' s RSS scheme, _Ian estimator of 6 is givén by

R - S
éRSs,LN=;n"21091}':fri e
o j=t

with variance _gi.v'e'n b'_y. |
Var(ﬂgssm)" Z‘Tjw -
i=1 o
'_Where'
| | | l. - | z '
f (logy)z \f— - 1(10931 B)CD"“J’ (0~ logy)e 2~ dy —

2

oo ST ' '
flogy fbj“l(logy 9)(1)“‘“1 (9 lo,gy)e 20"93’ 0 dy ,
S\ v R ;

= | w+ 02 LZ2e/ W)™/ (-v)e T dv—
fm ol -1 me=j 2 d _
v+9 '(w)?’ ( v)e v)
U ¢ )r | )
| ‘The efficiency of 9@"4” \y_ith respect _tt_> ﬁ_i;ssm )
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p Iy i) 0} m
e 9 [] 9 e )
f f ( RSS,LN b,LN) S (logY(l) )

B ,‘We note that ef f (@ess,m#» @bm) = ef f (@ Rgs’wf_é‘b‘n),'whieh is e}ipeeted sm_ce GD’LN s |
_ ._'equivale.nttolng. | o I o
“d. Cauchy (0, 1)
' In chapter two we showed that the best samphng schemes, when estmtatmg the d10de of the :
: Cauchy dlstrlbutlon depends ona mlddle order statlstlc Smce Cauchy(9 1) has no mean
“we may ‘compare the estxmators obtamed via the best samphng schemes 1o thelr counterparts

.- 3 through the MLE method So we leave tlns to section 3 4

:-: u‘ ,_'

3,2 Estimators for scale distribution

a, Exp(ﬂ)

B | Let (jo, ., jo) be the best ranked set samphng seheme for eXp(Q ) obtamed in chapter two .

The p_df of Eo:m is

- et xl

m'.

Where Cjﬁ’m = 'f)_'—_l)‘(_m:;)_‘ The mean Of }ﬁc . is -
' .. - x | jo—1 |
E(}}ﬂ:m) _= it f 29” - e -9") —(m"}o+1)9 dy
| 0 | . -
= 8 Apmj,»
.where_.

B
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: Amfo = C}o,ﬁ [ v (1 v)jﬂ"l m""jo"‘l)l) d?? B

An unblased estimator of 9 based on }?(1) Y(z) - ,ijm, m indepéndent ¢0pies of %’n:ﬁv is

: gb’,e = . Y(i,) .
. | mAmj{) = jb‘m .' -

‘The variance of 8¢ is

Va'r(ﬁ‘b e) =, Var (}}ﬁ%) :

mio
vihere o
var (1) = £ (1) - ()

o -

— Cfo-mf 9.21;',2 (1 - e—v)'jg.:—ie-(m.—jo-bl)v dv -

Under the Mclntyré's' RSS, the estimator

z
_ =
is unblased for 9 and has the varlance
Var(GRSS,e) TV
“where
o - 54 R
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We nofe from 'the'above table that the ef f (Brsseer Bpe) = 1 for all m=3,

. Let (Jn:

. The pdf on;m is

2 f Zij(l—e %)J _. __(m j+1)%1d:v— o

im =

o.q s AN aet S n 1 S
[yGu(1-e¥) PG}

- f % 2(1 g™?) eI dy Cf;mf'ﬁv (1— ey te Ml dy |
e N

o0

The efficiency of e witl_:i rsspect to @ Rsse o

' ny
Var (Ylo m)

| “Table 3.3 The. eﬁ'lclenoy of 9;, e W r.i 93353 for Exp(&)

._ - eff(9ﬂs.¢e:9be)—

| m eff(eRSS,e:gb,e) _ m ' eff(gRSS erebe)
3 —1se4do | 7 | 19473
| e o) 8| 201647
- -5 72161 ] 9 o 206672
6 18515 | 10| 210317

..., 10:and

' .ef f (gRSS e.r. éhl;\,e) is incré_asing inm.

b N (0 6%y | |
. }0) be the best ranked set samplmg scheme for N (0 02) obtamed in. chapter two

g;g(y cr)—--—cjg,m o (D om (_._) (%)

. and the mean of 'Ij-o.,,'n is |
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- with variance given by

. . |
y
= [ () o o)
- dj wcf mq::fo lcv)cpm—m(—v) ¢(v)dv,_
=_6_ f-_(,;,_v d)fo ROLES J"’(—--v) ¢(17)dv.

_Where*f Unjp = j'_ ijomtbff’”l(v)d)m‘fﬂ(-v) qb(v)dv I—Ience, S

. E(}om)=.o.‘
UmJO .

So an unblased estlmator of o based on Y( ) , Y}( m?u m iﬁd;:p_gnd'e.nt .co.pie_,s of ._Y}D:m_,'i.s}' | -
R - _1_2 150 m) -
BN = :
M Umjo -

- Var(dn) =_;5-" Var (1'}( 3;) |

mjo

. where_

.";/ar (Y-(l) ) . (Y?) 2) (E};?r:::) , :

o o _
- [rhenen (’;) omn(-DoQ)er-

. (L Zcfo,mqafo*l(%)@m-fo(__ Cf-’(y)d,y)

T
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- with variance givenby

.=I. J "2”2 Coim d)jf-'“.‘.i(v.) d’mf’j"(—-v)qb(v)dv o
(f vot m‘bf°"1(v) q’m"j"(—v)ff)(v)d”) :

-0

B Under Mclntyre 8 RSS scheme an estlmator of a 1s gwen by

C:l‘.:*:- _

- 1
Unssm='n'1'
Ty =0t

1 Tjm
Var(U'Rss N) : U2 ,
. ) : mJ '

where .

o= [ ._cmcpf Q) o (-De@a-

([yécj,mq)j—l(%)q}m_j(_%)(p(%)dy“)’ o
= f'qév_i.g’m.é])f;_#(ﬁ)... "c'pm'-f (Qv)_éb(v)'du z :
( j vaCIm ®I-1(v) q’m"j (—v)(,i)(v)dv)

" The efficiency of 6,y with respect to Orssn .~ |
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eff(anss N:ab N) .

mlu zj" (“I m/ UT?U)
Var (Y(i) )

N wrté"RgSN for N(O 02)

- Table 3.4 The efﬁc1ency of &b

s Logistlc (0, a) Lo BT
Let Uos s Jo) b the best rardced set samp img scheme for Lo glstlc(O cr ) obtamed in chapter

two, Thepdf }}Omls o

9}0(3' 6)

and thé_ihem_i of_li’}o:mis s

m eff(“nss Nrffb N) m- | eff(Brssn Op N)
3 1 71 . . 377595
4. 1 _4.90272'-- | 8 | 12.8528
5 | 242098 | 9 502102
6 900769 | 10| 16397

| We 'note-ﬁom thé éboir'e 1éble that_ t_h'fe.ef f (ﬁqssﬁ} (f,‘,,N)' =1 for all m=3:,: o

_y!m-—-jg+1-l

Cjome T

(1+e (1))’"“1’

}'(m—lo'l'fl

) a - .
om) j Y- Jo’m. m+l dy
- O (1 + e (U)) o '

PR e
= fvo. fom .

=00

v(m .fu"ri) |

(1+ -—v)m+1 av, -

@ —-v(m—' jf,+1)

| f Ciym® .
. -0' v v,
- (1 + ee“’)m’f1 -
._=_0.me0_’_-  _
S c —v(m—Jo+1)
where Ly, = ffmv%;;—jdv Hence,

10.
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| Sd ah uibiased estimator of & based on Y-(?) Y(m), m mdependent c0p1es of ¥, Jo“m’ s

0
6, =-Z °m)
bL._.. (mjo

;“1

with variance givenby

mjo

| Vqr(ffb,b)=mL V“r(}f'glr)n)

“where .

() =5 () - (é:;s;;)zw -

Josm

' '-'Cjon;,,e . q ;ome ' d :
= fy - m+1 y y ()m+1 Y
e (1+e (a)) o cr 1+e a) -/

' ' _ _00- L _ —-j +1) - _°° o —v(m-—-jﬂ+1) A
T, ijome v(m=Jo dv-— jvacj["me PN

-

Under Mclntyre' s RSS scheme, an estimator of g is given by

o RSSL mj:ll Lmj

- with variance given b_y o

_ . m 9
o var(s )=y T
Var\Opsst) = 3 2
. _ . m* :lej

" where

s
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_'chaptertwo The pdf Jorm is

. . ‘oo _yim—jo+l) o . oo | _ZISm— !'9-1-1!. : | :
2 — 2 wame s ay — : Cfo‘me - d -
O = YT T Y )Y oot &Y f

- ' Cfﬁle“"(m—fﬂ) - T Cj “.”(?.‘-"l."i”rl) 2
O e dv-| | vo i av|.
)T ey arem )
© The efficiency of Gy, with _respect to By
mjozjul(ajm/Lmj)

- eff(aRSS L! Ub L) = m Va‘r (Y(l) )

Table 3 5 The efﬁmency of Op1 W 1t SS.L for Log1stlc (0 G)

m ef f (URSS L 0p L) m ef f(Brss,:0n L)
3 ] 7 [ 290628
4 4.12421 8 8,13655
5. 205518 o | 361401
6 6.84888 10 11.099

N | We'.note frém’ the above table t_haf the ef f (agss',;,. 3::,1,) > 1 for all m=3, ..., 10 .
-','dLN(UG): | | ._
 Let (]0, " ]0) be the best ranked set samplmg scheme for Log-Nomlal (0, az) obtamed in

C}om cbf __1 (logy)(bm o (”logy)' e;%(;qg?)é.'

e ey

) and_the mean of }:"o:m is

Gom plo-t (@Z)@m—-h (f‘lng_’) oY g o

* E(log¥ fz
(091 m) Ogyyam o

60 N
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0 :
1,2

C} m . s ; -
= [ vo o2 ot (v)@m-io(—v)e T dv,
f in o |
oo S
' - HjgMm j -17. m“'}u — -5 :
=0 | vl {(v)d (—v)e 2dv,
=0 Emjor

- where '

oo

- E - f v Jo. __CI)J_U—l(v q)m—'jo(._v)e 2dv.-.
0 R -

v ) Y(z)

The variance of &y 1 i

°
| Var(ab,m)-mE

mjg

Va,r (log}’( 7}n)

“where

(o) =2 (o)~ (e o0

C Moo

-0

| Uﬁder the McIntyre's RSSQ thc estimator

61

Gguomorta ([ ogomoesoorie)

f ‘.
o= v
L NZ2m

An unbiased estimator of o based on ¥} .., Yy - Y( m T mclependent COplcS of Y, Joms is -

2
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RSSIN= ") TEo.
. m'j=1 mj

is unbiased for o and has the variance

C Var(o i )————-
| RSSLN ) = q,,,,lz.:i.=1 E%U

s '_ _ j '_vz_(i‘f:l‘-i‘_q)f—..i(v)(pmef (;v)'e?v_zz d.{;l'_. | f v—cl—"f— @f "1(1?)(D'.”".'"f(¥—:v)e"yzide |

. 0o

~The efﬁmency of 5;, N w1th respect o Orss, v

Emjo % jwl(aj m/ E?%‘Lj)
m Var (log)’( )

eff(f?Rss LN O DLN) .-

It is straight forward to show that ef f (JRSS 12 Ob LN) =e f f (eRSS N é‘b N) for all m. Henee

“we don t present the values of e f f (O’RSS LN crb LN) in this case
_3;3 Estima_ters for location- scale distributions with known coe'fficien.t of variation
a. N(B 92)

Let (]0, . ]0) be the best ranked set samphng seheme for N (9 92) obtamed in chapter two.
_Thepdfl’}mm o o

g"’(y.d) C““”“d’j" (y eé)“’m“(eey)"’(%i)a’ T

| and the mean of on:m is
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| 0 | | ) S
E(‘?u:fn) = j }’Cjomtbfo“l (y ) 9)_ q)__mpjo (6'._9 y)-q_)_(y'_@ 9)5 dy’ o

-0

= [0+ DGR s
. f(v . 15Cfe.?ﬁd’jd;l(_'"’.)_t_w_j"(_“”)_'fl?(ﬁ) @’_.”.ﬁ- o

—'eHmm

Jom

- where HmJ _f (v+ 1)6} m¢j°“1(v)fl>m"J°(——v)¢(v) dv. Hence, (-;{——) -..::9'._ o '

mio

“Soan unbxased estlmator of 8 based on ij o Y-(f"), m independ_ent popies _Of 1?9:,,_1, is;

(i)
ebN = mZ( mju)

: i=1

with varience given by

- Va?"(@fé,w)}*ﬁ Ve (‘G?%J

where o

..VQT(Y(I)) E(Ym ) (Eij%)

g 9= y—-6y1
fyzq"”“@h"l(ye )‘Dmﬂjﬂ(. ay)‘t'( 6 )'edy'-"
: (fy(;jmmcbjo 1( > )cpm fo(. 5 )Cb wa X dy. .

63
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with variance given by

- where

= [ DG e g dr =

._2.

- ( J. s D Cjo,m‘b‘j‘;;i_ tv)d)njffo(fv)_;b(?) dv). |

Under McIntyr-e‘. s RSS schem:e, an estiﬁlator of @ is given _by o

= [ e DG e @ -

Ry

2

- ( j '9'('1;:+1)c},;;cpf“i(pj@*'?ff(fﬁ)kxb(b)' dv)- o

The efﬁciehcy of @b,m with fe_Spect {0 @Rs_s,w __

T T
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Hrzn o E) 1((:5r m/H'r%lj)

eff 9Rssm9bn =
( ) mVar (Y(%))
‘Table 3.6 The efﬁclency of 9;, y Wt BRSS N for N(e,62).
“m | eff(BrssuOon) | ™ ef f(Brssn: Opuv)
3 318374 | 7] 39269
4. © 356868 | 8 1 3.93897
5 377368 o | 392863
6 - 3.87940'-' 11t - 3.89431

b Loglstlc chstrlbutlon w1th known c.v.

~ two. The pdf _}’}O:m is

5 We note from the above table that the e f f (9333 Ns Bb N) > 1 for all m'—"3

iy — 9)(m-10+1)

.arC', mé LE .
g}g(}' 9) = .0 . : "9:1T m+1t
| cwf_f?(1+e 901/—) -

- and themean of Y ;18

> ) = w .
E(}} __ ‘ij\/_H(

rr(y 9)(m—Jo+1)

10

Let (]0, 7 ]0) be the best rankcd set samphng scheme for Loglstlc(B o‘) obtamed in chapter

anome : "-“/_—9 ?_n+1 d'y
!2—-9!1:
1+e. Bcw/_)
;ﬂ;lf(m—fg—l-li. B

eV3

= f 9(17 +1) : ppMm+l T
_ S cﬁ(1+e_c7§) S

' dv,: :
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| '_ =9 f(v +'1)

_ _nv{m—jot+l1)
. V3
wCjome - €

v

| PN
- 0\/—(1-5-9 3)' o

L= _ﬂija ',' |

mvgm——jgﬂl

where Dy, = f ( +1) L

S g 12 Jorm o
o l?,L'T'm ijo..

~ with variance given by

[ER

¢

T dv Hence,
C‘\/_ (1+e o3 )

: V) o
= E(—L) =0,
. ijo =. . .

7O \

i=1

~So an unbiased estimator of 6 based on Y-(.i) yoo lj(m) m mdependent cop1es of ¥ Jo mr 1S

o cwf—B(1+e bev3

=

REP” (1__4_8 =

|

varO) = Vr (%
| '._,'wher_e |
a?_” (}}‘*:_m = . 10:."1 . jg:m L | |
om0k
. 2 n-c.ome _ cvV38 - d —- o anO,me- c_\/§_9 o dy ,.
= [Cmin g Y Y _=em\™t
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® . Mw o w
. | 2 2 fero’me C'\f— . nCJo;m C'\[- d -
:.f@(v+1) _ — m+1dv— ov+1)— — 3 T v | :
AR cx/_(1+e cf) I L -'cﬁ(1'+e_ cﬁ_) .
_ Under McIntyre' s’“RSS scheme, a_n'f.:stimator- of § is giver by |
9 1 m }51?1
RS =m Din
B
: with variance given_by o
. : Fy ’ 1 0; :
| _'Va?“.(gﬂss.b) ey Dm N
T . . j=1 '
“where
|  ay=-@m-jrn [ e . Ru=Omel)
gt = | yr—2L dy — y ’ _ — 4y 1,

- jm T (-0 m+1 i i = Qf“‘B)n .

D C\/'—B(l-i-e 964_) ' - cﬁ9(1+e-'90~/§) -
‘ - (m—j+12 _ - - _mem- i)
IBZ(v+1)2 o —T v — f (v +1) NG dv | .

| - ﬁ(1+ecf) e cﬁ(we.cx@)-"_

The efﬁclency of 9 bk w1th respect to - 9Rss L 1s :_

-A.-A" oZ J/D)
- .ef f.(BRSS""Qb"‘)_ = !Jfa:'((:’z) )mj
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Table 3.7 The efficiency of B, w.rt BRSS , for Loglstlc with known c.v .

m eff (BRSSL!BIJ,L) m | eff(BrssBur)
3 292882 7 1 . 3.55381 -

4 311152 ol e | . 370837
5 31563 |9 | . 3.80379
6 3.30966 10 - 385924

_L

| We note from the above table that the ef f (BRSS,L, 9;, L) = 1 for all m—3 10 and

€ %i f (BRSS s L) is mcreasmg in m.

. e Log—Normal dlstnbutlon wnth known c V.

Let ()0, o) bc the best ranked set samphng scheme for LN (9 az) W1th known e obtamed

. : in chapter two The Pdf Jo: m 1

o 1(_--—-_— o
y o o= f“"* Jlog (®+ 1) q)m_jo.( o —logy )e_L_a:v_Tnggg =
Jot2e T2 walog (c2+1 m \Jog c2+1/

andthemean of l?omls

| A m(piﬁ"-l( logy — 8 ) o
: . Jos T - e
 E(og¥in) = | 1 - \Ylog (@ + 1) e_%‘g{c%x_
- Eloghom) = | Oy @ Ve
o o ' 0 y g. | . o S

| q,m—jg( 8 —logy )dy’ _

\'{log (cz+1)
o)

J-(leog (t:2 + 1)v+ 9) ""mr cpm")‘ﬂ(—v)e Z dv, o

L - (v) _ v.z :

= j v log (cz +1 v (Dm"f"(—-v) e 2 dv +

68
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o mC},mm "1('!7) m“j' i .
0 | o ”)“d”

= e +meo’

. Where Xmo J- flog (Cz"l"l EJ'_D_“}(D___(_vzq)m—Jo( v)e 2 d'p Hence R .

E(logY mJn) 6

So an unblased estnmator of 8 based on Y( m,@, Y(m), m mdependent cop1cs of }0 s 18

SR  -_..-_' - (i)_'__j' N
et )

 with variance given by

Va?“(f’bc) :.1_ Va‘r(log (1)) | o
where . | | B I

"'1(17) | | 22

f(dlog (cz+1)v+9)2 "“mr d)m"fO(—v)e T dv—.
V2 1() Y
(f(w! 109 (Cz+1)v+9) o m m"jﬂ(—v)e 2 dv)

—00 .

Under McIntyre'. s RSS 'scherrie an estimato’r of 0 is given by

9Rss LN = —Z(IOQY Xm_;)
. }.—1 . . -

" with variance given by

.:'_69" o
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Var(éﬁs;,LN) = ‘n;"z
: -7 | j=
where |
T T T 4 )2 m D) o
I( log(¢32+1)v+9) Jdm L pm J( v)e 2 dv-— .
RS Vamo
j(wjlog (cz+1)v+9) jm\/__( )dlm“f( v)e T dv
 'The efficiency of 9 ; with r_espgct to '_9RSS,L' -

.' eff(gnss,m;@bm)-; 'Z}"’ 1IIJIm:
e - mvar(vi)

Table 3.8 The efficiency of 8, w.rd Bng ; for L0g~Norma1 w1th known C.V.

m ef f(Orssin,Opin)| ™ | eff (Orss.ins Opin)
3  1.16463 7 132181
4 | 118208 | 8 | . 133591
5 | . 125853 9 | 136870
6 | 1.27494 10 ©1.38078

 We note from the above table that the eff (Brss,.n: D) 2 1 for all m=3, ..., 10 and
' "e_ff(BRSS LN Bb LN) 15 mCI'eaSIIlg lll . | ..

- 3 4 Companson of MLE'

In this sectlon, we show that the MLE obtamed based ona best samplmg schcme is

- asymptotmally more efﬁcxent than its counterpart under Molntyre S. RSS scheme B
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3 where

. samphng scheme then _ B

by

Let GRSSM be the MLE of 8 cbtamed based ona McIntyre ranked set sample of T cycles and

- aset size equal m. Under su1table regularxty (see Lehmann (1 999)) condltlcns cn f (x, 9) we

have the follcwmg asymptcuc result for eassm

W(@RSSM _)-—>N(OI 1(9))asr->oo

1 (9) = Zm ij (6) Thls result isa dlrect apphcatlcn cf Theorem 7 6 3of Lehmann .

' (1999) Slmllarly, 1f Gb v is the MLE of 8 cbtamed based on an ri coples cf the best

\/_ (ebM _).—aN(O riyjo:m(e)), :

~ To compare the two MLE estlmators of 9 we use their asymptotlc efﬁclency whlch is gwen

o1t o) =P 7

 de®
z,mi 'ijm(e)

) Prov1ded that the Iast ratlc is free of 0 (th1s may occurs when Iy o (9) o 9(9) fcr all), 1t is

stratght forward to shcw that the last ratlc is free of 6 and is greater than or equal tc one. .

- Hence the MLE's that we have cbtamed based on the best samplmg scheme are more efﬁclent

| than thelr ccunterparts obtamed from a McIntyre RSS

7
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A'

Table 3 9 The values of Aeff {0 ( rssa 0 ) for different distributions.

i L 7o O B 7 S (s
Conchp(0,0) |3 128324 |7 122594
’ : 4 - 1.24650 g - 1.19067
5 129224 . |9 1.14484
- 6 C 125203 10 1.11450
[Cauchywith |3 127082 |7 16146
knowncv. . |4 (139715 18 - 1.64658
o 5 143376 . |9 L7062
. 16 153267 |10 17663
Cauchy(8,1) |3 1304316 |7 - T 1.625388
— 14 11312990 |8 1713840
s | 1488869 9. 172030
- 6 . 1497743 10 o
Beta(s,1) |3 | 1.38257. 7 146104
R 4 1.40593 8. 1.47817
5 139962 9 © 148404 -
L 6 142652 10 1.48243.
Li(a, 1) 3 iz 7 133333
4 12 8 133333
5 CassTt |9 136364
6 128571 10 1.36364
LL(L, ) 3 Tioe3 . (7 "1.3157
- 4 1.1374 8 13530
5 12082 |9 13813 ¢
6 12678 - |10 14020
© . ['Weible(y,1) |3 132768 7 178363
ST la 146719 |8 1.85987
5 158011 lo 192464
6 1.69403 10 197961

35 Maxnmum llkehlmod estlmators

© Inthis sectlon, we obtain the MLE for the parametcr of mterest when the sample is
| obtained via the best_ sampling scheme._ | - |
351 Location gistributions

a N(é, 1)

jm' amr

Let YO Yj(z) ) (r) be ud coples from onm The If'df'ﬂf Y‘(:)m’l =12 - ris
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. ‘._..Cjo,m e : _ . —~ -92
L A S e =

| ..'_-_An_d the log likeli'ho'qd of 15‘(’1?)11’ )3(()331 oo Y() is

) l.-l
| - (Yo) 0 o
The derlvatwe w1th respect to 6‘ 1s o . L
(1) 9 Y(r.) ) E .

.6 | =

: 6logg " 1)2 ;‘Et;n__ +( -'Jo)z cp(é? ;:(,:; Z(Y}g’n“ )

K whefe g* = H?id—j_. gy(i) (y 9). ’
' Set the 1ast equatwn equals Zero and solve it for 9 o get the MLE for 6

3 Smee there is no olosed form solutlon, then a numemcal method such as Newton— Raphson

: 1s needed to obtam the values of the MLE and standard error

. b Loglstlc(B 1)

m'

| Let Ym Y( Y(r) be 11d coples from Jom The pdf of Y() ,i é_l,Z,'.-..,r', is -

me—e —o)m-jotD)

9?“’ s 9) (1+e—-(y—-8))m+1

| 2 y®
“And the log likelihood of 1} i 1;§ o = Yigum 15
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r ' B r ' ' -
_ | | | S ey @ o
log g = rlogCiym ~ Z (}3?;; - 9) (m__'— ot 1)~ (m+1) Z log (1 + e Wigm ._9)), |
._ .The"derivz_itive wfrth réSpect' t001is

9 | +1 (;mf’)."
logg (m _}0+1)T+ (m )e .

e (1+e jom “9))

o Settmg the 1ast equatlon equal ZEro and solvmg for 9 ylelds the equatlon |

o ”'-Cnl o 1)r .:§:'  | i""'- :
_. (m + 1) - (1+€(Yj{;)m 9))

_ _]01' Toor. ((i) )-—1_
(m+1)”’"“2(1+e )

i=1

- The MLE is the solu_tion of the last '_eqUation forg.

| e Cauchy(@ 1)

L ”}(1?)?“},(2) Y(r) be nd coples from 13 . The pdf of };g?n,i = 1 2

o | o
- o Com tan~(y — 6) + i 1 m-jo.
9Y“’ 0= j. (ﬂrr(1+(y Do) Z) | (‘z‘“m”‘—l(” 9)) N

Y(I) Y(z) Y(?')

! fom

~Andthe 1og’ likelihotid of

logg ;rlog___._+00——1)210g( tan ( (E) __.9)-5* )

: o o o B .
(m Jn)zlog (——'-tan 13(‘) —-_9) Zlog (1+(Yf‘) *9) )
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'Solv ing -

'lhe ﬁrst derlvatwe W1th respect t0 9 is

(10“"1) ' | . (m_jo)”.

-3i059* _ i ("n(1+ Y ~9) ) +§r: (1 +(1§S3n*9)2) . :

T B = %tanfl (}f}n — 9) + %-) i=1 (% — % targ‘f} (1;'(271 _ 9))

-Blo, gg

-—Ow i‘._to B.i._e_., .

B _( (Y(n) 9)) r (1+(Y(‘) )) - r (Y(i) _9)
| Z (ton (i -0)+ _). = (lgftan-i (v, -.9))_ = (1+(yﬁ> ))

Yield_s the MLEof 0.

- _:':d. “LN(IB 1)

: Let 1’}(1) y(Z) : ,1}5') be 11d cop1es from }j . The pdf of }'} = 1, 2,‘...,?‘, is

| G - 3] ; m—j (i) 2(10.9 fi)m~9)2'
HYG) (Jfr 9).-—}’({;0{_@1" (logY —6)(1)_ 0(9 logY .)e o... ,

The log tikelihood of Y‘” j?;, Yim s

_ logg —--rlog(\/__)-i-(jo—i)Zlogtb logY() _—6) Zlog‘{

:—1

® (loglj,-f,fln - 9)2' |

(m ]O)Zlog(b log fom) o
'_1—1 L SR o

. 75
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—-9)+

- dlogy”_ _2_00_1)¢(zog1; y “6) Z(;og‘f‘"

o0 4 (logy(t) — Jorm

Zcm e (o -zogvj“’)
=i _._cb( zogv“.’)

Settmg the last equatmn equal zero and solvmg for 9 ylelds the equatlon
Y(t)

(,'_'-1)..-,:,(109 o, - o 1oy (0 — 0970
(zogy(" —9) Z(logyf ; (o —zog'r“)) B

o The MLE is the solutmn of the last equatlon for 9

log

i=1

' 3 5 2 Scale dlstrlbutlons
a. Exp (6)
j s S fpun? T

'.'_'_Let Y(l) l?(z) Y(T) be ud copies from i Thepdfof Y(l i__. 1,2,. ,r; i

. v, Jo—1 (m+1—jgly 1 N
gYJ’o m(y) C} m (1 e ) e . ¢ | '. _"é‘.

and the. log hkehhood function is

(1)
i i YJu L

S S - -.y(‘)
*I nnd - ' ' . _fo__ '
lOg‘g ;_rlog Cjo,m—rlog9+(Jo-l)Zlag(l—-e ) Kjg“m -—-—-é—-—',
where Kh m"-— m-— jﬂ + 1.
3 Takmg the ﬁrst denvatlon with respcct to 0
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: L ; joim _7 _ _
Cdlogg 7t Go-DYume 0o %ﬁ‘ln
AT . - .i=1 '_.j:m . . : R

B L0
T (1} —-ﬂé—”l

J()m

Settmg the last equatlon equal Zero and solvmg for 8 ylelds the equatlon o

(m Jo+1)ZY,§‘Zn—_ el)Z"”“, ol

__ The MLE of @is the solutlon of the last equatlon '

Now for j )0 = m we get the followmg equatlon for MLE

) ' ' Jam N
DR e
i=1: : i=1 1_ - 1‘5
~and for jo = m-—1 _wé get the fblloWing equation o
Y(:) -'Yj(‘z'“”_". -
ZZY(‘).-— (m z)zﬁf—?ﬂ—zre.
i=1 , -

I N(O 62)

Let }_,;(olr)n' I}E,:m . Y(r) be iid copies ﬁ'om Y} . The pdf of Y() ,l = 1 2,

g

'ngm(y ) \/——O' ]Om

And the log hkehhood of Y(l) Y() : »%,(21

Toi8

(1)10“1 (y) émﬂjo (_ Z) e _zy?zz_ ..
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-

logg -rloy J0m+(10 1)Zlog¢'(j° )+(m }O)Zlogcb( fo“m) B

j(l)) _
om :
202 rlo,gd Elogzm_ |
' The derivative w. 1. to_.o‘z_ is o _'
L o o .i) n o (5) (;)-_
"-alogg rt\ o )20 - - T . 263.-_?-"_ o
507 .~._oo_.—~1>z it i) ) Lt
I AN ( )
8 a0
AL
fom)

20‘IL

. Cswas . .
- Ifwe set 9—%‘5— to zero, we get the equation

. jm. .. | Y (Q : | |
Z ( (1)) o Z ( Y(;)) . =____’
fom ) . _ o N Lo

\ o o : S o

Where its solution to o is the MLE of o.

c. Logistic 0,0)

Let Y(i) Y(z) (r) be iid coples ﬁom ij - The pdf of Y(l) {= 1 2 T, is

e 'z(_ﬂz_:i_o-"_il
. = _
Y“) (yl )...... jﬁm y m+1- .
g 1+e 0‘) L
78
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- gycu (¥; 0) = = 1}(0
o _ : it :
a . WO 1—1—( o ) -

Taking the first derivative t0 the lOg-_-likclihood funotion with_r’espcct 0 d, 'th_cn e got |

-

0o _0' -

' --__6logg* ' (m ]0+1)Z Y(i) Z(mﬂ)l}ﬁflne v
_ foim y .

g L—l. 5 L
o g?*|1l4e o

o ,Settmg the last equatlon equal zero and solvmg for o ylelds the equatlon '

R (m+1>Z———- T
. -.i=1'._'

1+e B

- The MLE is the solution of the last équatiOﬁ forg.

e. Cauchy ©,0)

' Let Y(l) Y(z) Y(r) be iid coples from 1@ .y The pdf of }§ L= 1,2,..,71,1is

() _ e -
.'-1 » Y}m 4 S o S

' RTINS () (2) (?‘) . . E
Andth_e_loghkelmopdofl’ m,onm, Yj . S o
G 1 A% -1 -

. ok — . jo,m_ - y g o | Jo:T _

o i a0 & [N
- (m—jo-)_Z'log = ——tan™? ( o ) —Z.lag 1+(—~J—‘ﬂ) .
. | K = 2 71'.: o = ag.

The derivative with respect to o'is . -
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: —1 ' _Joimt
- (“m ()

© The MLE is the solution of the last equation for . o

. alogg.* r
Ja 0

- -Settmg the last equation equal ZEro and solvmg for a ylelds the equatlon o

Y}(ﬂn(l -y (1) m(m — 10)

U AT . N
Tf 1+(]0m) _.: _r : 'ﬂ' 1+()0m) o e ([)
"))l )

3 _

o LN(, o?)

(D Y&) Y(r) be nd coples from YU The pdf of Y( =1, 2 7T s

. Le tljnm’ Jom’

o) =
gycn(}’ ) ym@r— o /"

The derwatlve for log 11kehhood functlon with respect to o 1s o

o 80
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dlogg® 7
ZS . 0] 3
oo ] =4 o (logl’.;:m) £ o

Settihg the last'equa'tion equal zero 'ar_xd_ solv'ing‘ for ¢ yieldé the équation

' ._ . lo gY(‘) . _ '
?-(}0"1)5091?(1) (b( (;ol_m . (logYQ) )z

.___.ro.__Z () Joit
. i .
S _ cr _ 9o -

_ iy jorm
WIAMwY ¢( ;_.

. | r
=1 . ( logl, ) |

-.0'

The MLE is the solutlon of the last equatlon for o.
3.52 Locaﬁon— scale dlStl’lbllthllS thh known coefﬁclent oi‘ vamatlon .
&Nw9%9>0 

Let Y, (1) y@ Y(r) be ud copxes from Y} . The pdf of Y(?n,t = 1 2

j ! j me
.Co _me_QJ’ 3""91
K @*"3“&%"‘*”“( e () = )5

And the log 11kehhood of Yj(” Y(z,?n, i
. 3'1-_:{
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=1

- S y - U) | r Q-Y.U) o
Yy -8 o AN
. .1099 _”"9 CJmnr:"’(Io‘—l)z:k/’.g"l’(JT g )+(m—-10)izllog¢'( :.61. -

T (1)__ 2 '
= _(Yj"m ) —rlogﬁ—ilog(Zs'r)

_ 29-2 . |
- L - (,{) O
i YR RN (U
§ ' - o ¢ [} 02 ' T ' -9' 0%
-~ dlogg® _ .. _ - o — Z =t
) Ry e Y A (A AR
Coo et q;(fo-"é) T el
2(292)& l(yj“) —9)+49 21__ (Y(‘) -—9)2-_ :
~ 46% '
Settmg the left hand s1de of the last equanon to ZEr0 ywlds the equatlon |
' &) .
B (‘) - - [ |
' r ¢(M§#)ij:m . (b(__ﬁo_)yjom
= -1)2 _ - +_(m‘f°)z 0
T oD R = I CE SV
| : r_'. ?(ij ;_9 2_  : |
= Wom =0 _ 591y

The MLE i_s'.the solution of the l_ast cquat_jon for 6.

b, Logistié(e, o) with known é.v. - |
Let 1}(13“, 1‘}(231, - (r) - be nd cop1es from it The pdf of Y.ggn,_i =12, 2 is

. n(y-—e)(m-— t:.+1)' s

g,.(i) (;V 6) = e
- cw/—9(1+e 04_9) |
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And the log llkehhood of Y, . yj @ Yl(r) -

:"z , . —9(m ]0“)
_.099 —rog( ) T'og Z
. ?. - _ (Yf;)m-ﬂ)n |
(m_]_l)Zlog 1+€ 69\/* o
' i=1 )
"Taki’ng the ﬁ_ifst'derivatiye With respect to'g __
. R (i) : 1 Y(z) . CB\F ..
dlogg (m- 10+1)nz o (m y, R
. 699 B g4 /e AN

=1 = — _ -
T ev3er{ 14 e covE

Setting the last equaﬁon equal zero and solving for 6 yields the equation

ro e y® ) '_
(m )0 + I)nz Yg'?n - (m+ 1)11:2 "o j”;‘ —= cV36r
. . i=1 : i= _O—TE ' o .

e @F +1

The MLE is thé solution of the’ last équé.tion for 6.

c Cauchy dlstnbutlon w1th known eV,
_Let Y(D 1?@,1, Y(") be ud copies from Y,:m, The pdf of Y() ~ ::"1_, 2,.,T, 18
: Loy — Y
B . -C}ém_(iﬁnwn ( co )) /1 y—0y 1y
’ ngozm(y; 9) = _ . Z : ( tﬂ.n ( )+—) L
o - y —8 T\ ¢l o
R ”w(1+(ce)) | oS e
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: | 7‘
Croom
log g = rlog — rlag 0 -+ (]0 - I)Zlog (?I

. T Y‘(i) -8 Lor Y _9. o
- (m~—jy) ) lo E—'—lta:n“l JoT ___ ——'Zlog 1+ °m9
“ ) Qleg\z gt \ T ) )T LN e ) )

=

- Taking the ﬁrst dcrwatwe Wlth respect to 6

00—1)1}(‘) o m—Ym

Settmg the last equatlon equal ZEero and solvmg for 9 ylelds the equat;on |

_ R o _.
s ' 0 _1)}?(0??1 ' . (m ]0)}}0”1 3
e o W (7o
B 4 1+( 09) S (0 1+ _59"'—
o+ -\ (i) L _.Z _ _ - _
: —9 1 Ji=1 1 Y 6
' (1 tan ( "“'729_ ) + ?) B %—- Etan“1 (—15’-%9—#
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_d. Log- normal wnth lmown c. v

y“

grdedn
) *=(1+(~f-°-%ﬁ—>

The MLE is the solution of the last equatlon for 9

() _.

fm’

. Let}}i) Y(Z) y(r) be iid copies ftom Y} . Thepdfof e L = 1,2,_.:,._,;-’_ 5

o s -1( logy—6 ) ey
: ' jm _ ORI RN : _ N 2 o
g o (y, 9) _ Wlog (Pt D) fl’"‘"} (.[ 2z ") z‘tgg{czﬁ-i)
"o Nlog (cz+1«f_ - lag (c2+1) o

And the log hkellhood of Y(l) Y(z) Y(r) is

o S o
' = Jom/m e Y}om _9. '
' log 9 ‘rlog (\Hog (c2 +.1 ) Uo . DZ log ( Iog(c2 + 1) +_ |

zogY“’ S (log 07 < |
]U"'m- fom Zl Y(i)
(m lo)zlog ( log(cz+1 Z; 2103(02+1) Og jom

) Takmg the ﬁrst derwatwe w;th reSpect to @

o ' ) _ :

_ _ . log jf:m -6 N
azogg o 1) " Tiog (@ +"'1)' (loglgg m=0

Jzog (c2 ¥ 1 ( log¥,(),~ 6 ) log (c2 D

1{ log (c2+1)

| - ¢( 0 —log¥ip, ) E
(m— Jo) Jlog (c*+1)
log (c2 + 1) -t - logY(‘) |

q)(\/log (cz+1)) .
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o 1-)2 (logY(‘) - 9)

- Setting thc lost equatlon equal 2610 and solvmg for 8 y1elds the equatlon

N (C /8 N
(p Jlog(c? + 1) (1091331”9) N Jog(@+1)
Z log(c2+1 (m Jo)z logym

f RE '

i=1

1)10g(cz +1)

' The MLE is the solutlon of the 1ast equatlon for ..

354 Other dlstrlbutlon_s

a 'Beta(m)*

Le tY@‘) ij (r) be iid COpleS ﬁom (. The pdf of Y( ,i= 1',2,'...,_1", is

izl

Jom?
| . _ L
gyco (y,_ 9) Cjnmﬂy‘”o 1(1._y ) o, .
N And the 1og hkelmood of Y(lzn, }';ﬁz?)n, 1;??)?1
. -[ogg*_z_rlog Cfo.m+?‘1099+(9}'o_— 1)zlog1}§2n+
| " PR
(m- ;a)zmg(l—— o))

akmg thc ﬁrst derwatwe w1th respect 0 B

. r (A @ .
: alo r ZOQY :
_ gg “—'*' {}ZIDQY( —-(m ]o)z Jﬁm) _

: I-.1 :
}am

| Settmg the last equauon equal zero and solvmg for 9 ylelds the equatlon _ |

(t) o
Y logY -
j m } m
(m }u) E = = 10 E log lf,f,gn
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L tY(l) Y(z) Y(T) be 11d coples from T.he pdf of Y(l Ji= 1 2 ,r, is '

gy(l) (y 9) (‘}mg(l y)e(m-l-l_JD) 1[ (1 y)a]

'f';:The MLE i the solutlon of the last equanon forB E

b _3} Beta(l 9)

Io m.' Jo m’

]umm .

o Y(z) Y(r)

And the log Ilkellhood of Y o Yigsms -+ Vi i ) e S R

log g = rlog c, " + rlog o+ (B(m 1 1 ;0) 1)2 109(1 ch) ) +

' :'-4Tak1ng the ﬁrst denvatlve w1th respect to 9

.6logg _ . i : log(l ))
o f‘*‘"’f“"”z"""“ ’_ “""”2_”( &

5 '_ .Settmg the last equatlon equal zero and solvmg for B y1elds the equatlon -

Y“}n)

S I log(1- Y(‘) R
' ,.‘__""_Uo 1)2( ( ]om) )-'—(m+1 ]O)ZIog 3“)
o "_The MLE is the solutlon of the 1ast equatlon for 9 | B S s :'f -

e Power functlon dlstrlbutlon R

-L tY(i) Y(Z) _Y(T) be 11d coples from Thc pdf of Y( = 1 2 T,IS :

m} ]0 ml wue
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And the log llkellhood of

: - (ﬁf;?ﬁegjfs_)-ziés (1. (Y“in)i ”

: -'Takmg the ﬁrst derlvatlve w1th respect to 9

L . And the log hkehhood of

- P Q+1)—- '-.'-'97 %n-jo
gjcg)m(yg} ;.,m"l““—' i‘ ( _.y"'é)

(1) (2) (7")
Y Y 2 YJo m

logg = rlog(,}m+rlogt9 rlog(l 9)+ (’0 ) Zl gg?n

#

alogg r r ]ozr 11091';3,1 z (m jg)logY()

- _f 00 9 1 9 a-=ez .

r ) “ Settmg the 1ast equatmn equal zero and solvmg for 6 YIGldS the equatlon |

109 Y;f,?n L r(l 6)

. .1:1

“ JOZlogYo -(m ]o)z(

©The MLElsthesolutwn of the fast edﬂaﬁon_for-.al_f? et

;= - d, Pareto dlstnbutlon

: | Let Ym Y( e Y(r) be 11d coples ﬁ‘om Y Thepdfof Y() i= 1 2 s

Jom

oo _—ﬂnﬁ%—(l,(g)ﬁ)_"'_ 1(;)_’“_"""?? i

Y(l) Y(z) Y(’")

! -’Om
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- Sinea knmwtakthfdwmp b

5=t ) Z

 loga*= rlog Gy +rlog B4 rfloga- B +D Y og¥0ik

alogg :—+rloga-—Zlog Y(") z ._ J’om

Settmgthelas‘t equatlon equal zero and solying'fdr ﬁylelds =.the_' é'qUat'i_c)n" D

109( ) DA v Al | |
Jom - \yo "rl°9“+zl°gy() |
jom"w- S 1 S

; .:: o (l.) )

i ) The MLE is thc solutlon of the last equatlon for [3

Welbull dlstrlbutlon

. '_'_”Casel Ify is known -  _2- RN

i ":.:'Lg't.Y;(%,_ 1;&23“ Y(r) bc 11d cop1es from The pdf of Y}E?n,l—-_-l, 2, ) ryis ::
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The llkehhood flmctlon is .7 .1'?:

e : alogg =——TI—C Zy Jgm

‘ ._1'”._' o

SR (i)
o Ymm
B:

LT 1O ) [

logg rlogy +rlog C]m rylagp + “12 log 1 _e NP o

Cooi=loon

=

:'—1 S

.f_‘j:where ¢ = 'jo'-— 1 and cz = m - ]0 + 1

5 akmg the ﬁrst denvatlve vnth respect to B

Y(l)

t—-1 -1

o Z C (YJO m) -I- ( 1) Z lo y(t) e .

' Settmg the last equatlon equal zero and solvmg for [)’ ylelds the equatlon S

f+c13“”z- U "") ~=¢ ﬁ"”Z(Y“))

o ( (t) ) bt

" The MLE is the solution of the sbove equation for f. o
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,_-;the.n, we geftr s

f I‘L(“ ﬁ )

-__.‘-If ﬁ i Known, mthls oass wc deme ogg og ﬂ!—q QY; (y, )Wlth respect to %

Jom

Blogg _-~~—-—— logB+iCl(ﬁ) 109( ZIOQ‘YU

Settmg the last equatlon equal zero and solvmg for y ylelds the equatmn

R Y i l Yjﬂ?n o S R A
R r;-‘_r'—'l | B 9 S (i) y(‘)
e N T Jom Jom \ ROR
| —);+ —_ 5 log B rlogﬁ log Y}om £

=1 (ﬁ%_m) ' Lo =1 N e - . )

2 -The MLE 1s the solutlon of the above equatlon for y :f LR

: "'_m--_.ju"_ e

G mﬁ(y/a)ﬂ (- RN

gy(t) (3’. l ,ﬁ.)

e\ ) o)

@) @) @ o
o __-And.the,log_mccl_xhoodofY %om'- "Som SRS R

lagg = rlog C; m + (ﬁ 1)2 10.9 Y(Q - (l = 1)2 109 (1 + ( 0 ) ); R

L 1 - .- i l-—'l

Jom
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rﬁloga+rlogﬁ+(m ]G)Zlog | 1— — ;

Case 1 If ﬁ’ is known

l—1

Takmg the ﬂrst derlvatlve of logg W1th respect to ac - S
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= HThe MLE is the solutwn of the last equatlon for o ‘e o N N
| ".-"_Case 2. If a 1s known i

o Takmg thc first derlvativc for logg w1th respect to B we get e T SR

| Settmg the 1ast equanon equal zero and solvmg for B ylelds

— : Y }"m : rloga’+ZY(‘)

the eCIUatlon T

(t) NE (1)
-__‘_a._ & ;L.-"r A

fuas
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. TheMLEis thesoluuonofthelastequanonforﬁ
- ‘i}"_3 6 Concludmg remarks
G remarks

o : _i obtamed

o Based on the numerlcal results presented m thlS chapter, we WPUYt the followmg °0ﬂ°1“dmg

e 1 It can be noted from the numerlcal results in Tables 3 1 -3, 8 that the estlmators

under best ranked set samplmg schemes are more efﬁclent than thelr counterparts

- under the McIntyre s ranked set samplmg scheme

o The efﬁc1enc1es are in general monotone mcreasmg f\mctions of m i‘ EEE I

L 3 '. " For large samples SIZe, 1 e s T —w, Table 3 9 shows that the MLE under best

samplmg scheme is asymptot1cally more efﬁment than 1ts counterpart under McIntyre s RSS

E scheme for all m > 3
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_,""-Mclntyres scheme via thelr efﬁcrencles Numerlcal results showed that the estlrnators

schemes can be employed to der

o - parameters of mterest such as

- example one may derlv

8 from a glven parame’trlc farmly

"f max1m1za

| '_ Conclusron and Future Work

B In thls thesrs, we have used the Frsher mformatlon contamed' 1n order statlstrcs to
o 'charactertze the best ranked set samplmg scheme for several parametrrc famlhes Also we
:_used these best sampllng schemes to obtam unbrased and MLE estrmators for the

'“’.'parameters of mterest These estlmators are compared to therr counterparts under

g under best sehemes are. more effic1ent than therr counter parts Also these samplmg

ive more accurate mferentlal statements about the __r;:'

exact and large sample conﬁdence mtervals Moreover, .

L predrctron mtervals for several characterlstlcs of future samples are also attamable For

€ predlctlon mterval fer mean order statlstrcs of a future sample .

S To srmphfy the work we drd not grve our attentlon to the multl-parameters case smce the' '

tron of Frsher mfcrmatron matrlx is not deﬁned m th1s case However 1t is strll 2 '-'

Gt possrble to attack thrs problem Instead of rnaxunlzmg the Flsher mformatron, we may ﬁnd’.‘
o the order statrstrc that mmlmtzes the Cramer—Rao lower bound of the varzance of any-ﬁ
e unblased estlmator Because these works he beyond the objectrves of my thesrs, l leave 1t ’_j

Lt _rny f‘-_‘tllr‘?'researchr_}. Sl
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